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S Y N O P S IS
D e v ia tio n s  f ro m  is o c liro n is m  fo r  the os c il ia  tin g  s y s te m  of 
s p ir a l  h a irs p r in g  and b a lan ce  w h e e l a re  in v e s tig a te d . O n ly  those  
d e v ia tio n s  caused by n o n - l in e a r i ty  of the h a irs p r in g  a re  c o n s id e re d .
I t  is shown th a t, in  the case of sp rin g s  m an u fa ,c tu red  f r o m  w ir e  of a  
c ir c u la r  c ro ss  s ec tio n , the d e v ia tio n s  a re  re la te d  to  the d is p la c e m e n t  
of the o u te r end p o in t of the h a irs p r in g , w h e re  the la t t e r  is a r ra n g e d  
such th a t th is  end p o in t is  f re e  to  m o ve  in  the p lane of the s p r in g ,  
w h ile  its  tan g en t is h e ld  co n stan t in  d ire c t io n . Such an a r ra n g e m e n t,  
p ro p o sed  by B ouasse (1 2 ), is  c a lle d  a " fre e  end" s p rin g . H a irs p r in g s  
of the m o re  com m on f la t  s t r ip  a re  s u b je c t to  the in flu e n c e  of 
a d d itio n a l e ffe c ts  th a t m o d ify  the above re la t io n s h ip . T h e  m o d ific a tio n s  
a r e  in v e s tig a te d  e x p e r im e n ta l ly .  The  in flu e n c e  of m a n u fa c tu r in g  e r r o r s ,  
and c e r ta in  m o d ific a tio n s  to  the s p rin g  shape a re  c o n s id e re d  fo r  
round w ir e  h a irs p r in g s , and a p p ro x im a te  fo rm u la e  d e r iv e d  th a t  
p re d ic t  the d e v ia tio n s  f ro m  is o c h ro n is m  of the o s c il la to r  in  te rm s  of 
the s p rin g  p a ra m e te rs  and v a lu e s  of in tro d u c e d  e r r o r s .  T h e  
th e o re t ic a l  p re d ic tio n s  a re  v e r i f ie d  e x p e r im e n ta l ly .  T h e  fo rm u la e  
d e s c r ib in g  the d e v ia tio n  f r o m  is o c h ro n is m  a re  s ta ted  such th a t th e y  
can be used in  the d e s ig n  of b a lan ce  w h e e l and h a irs p r in g  o s c il la to r s .
A  d e s ig n  e xa m p le  is  in c lu d e d .
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N O M E N C L A T U R E
A  = A r b i t a r y  co n stan t
B = A r b i t a r y  constan t
C = A r b i t a r y  co n stan t
D  = A r b i t a r y  constan t
E  = le n g th  of the n o rm a l to  the d e fle c te d  b a s ic  f r e e  end s p rin g
w h ich  in te rs e c ts  n o rm a lly  w ith  b . O R Y o u n g ’s m odu lus  
of the  s p rin g  m a te r ia l .
F  = change in  tan g en t ang le  d e s c rb in g  "bunched" d is to r t io n .
G = fu n c tio n  of y to  be m in im is e d .
H  = fu n c tio n  of F and c
I  = Second m o m e n t of a re a  of the s p rin g  m a t e r ia l  c ro s s -s e c t io n .
Ig  = M o m e n t of in e r t ia  of b a lan ce  w h e e l
Lj, = T o ta l m o m e n t of in e r t ia  of b a lan ce  s y s te m
K  = d im e n s io n le s s  c u rv a tu re  of the  f r e e  end s p rin g  = a V /s L »
L  = L e n g th  of the s p ir a l  f r o m  the c o lle t  to  its  o u te r end
M  = g e n e ra l bend ing  m o m e n t
M o  = bending m o m e n t a t s p rin g s  o u te r  end
M g = m a ss  of h a irs p r in g
N  = change in  tan g en t ang le  d e s c r ib in g  the ra n d o m  p itc h  e r r o r
P  = r a d ia l  re a c tio n  fo rc e  a t  spring'^s o u te r end
Q = re a c t io n  fo rc e  p e rp e n d ic u la r  to  P  a t  th e  sp rin g s  o u te r  end
R  = ra d iu s  of h e lic a l  s p rin g
Sj = l in e a r  s tiffn e s s  of a s p rin g  s y s te m  c o n ta in in g  j  s p rin g s
Tg  = k in e tic  e n e rg y  of s p r in g
T g  = k in e t ic  e n e rg y  of to ta l b a lan ce  s ys te m
T  = p e r io d  of o s c illa t io n  = 2 ^ /
U  = s t ra in  e n e rg y  of d e fle c te d  s p rin g
V  = m a in ta in in g  to rq u e  pulse
W = fu n c tio n  of f r e e  end deflec tions  and 6 y
X ,  = c o -o rd in a te s  of the s p rin g
Y, Y^ = c o -o rd in a te s  of the s p rin g
a = base c ir c le  ra d iu s  of c ir c u la r  in v o lu te  s p ir a l
b = v a r ia b le  d e s c r ib in g  the base s p ir a l  of the b a s ic .f re e
end s p rin g
c = a s y m m e try  fa c to r  in  a p p ro x im a te  so lu tio n  to  e q u atio n
of m o tio n
d = w ir e  c ro ss  s ec tio n  d ia m e te r
e = e c c e n tr ic ity  of the c o lle t w ith  re s p e c t to the s p ir a l  c e n tre
f ( s ’ ) = d is to r t io n  fu n c tio n  of the s p rin g  c ro ss  s e c tio n  = J g (s ')  ds *
g (s ’ ) = d is to r t io n  fu n c tio n  of the s p rin g  c ro ss  sec tio n
h = len g th  of a p o rtio n  of a te r m in a l
k  = to r s io n a l s tiffn e s s  of the o u te r a n ch o r
1 = len g th  of a te r m in a l  c u rve
l j  = len g th  o f an  im a g in a ry  s p rin g  e x ten s io n
m  =  ^ d im e n s io n le s s  len g th  of the cranlced te rm in a is  c ra n k
m ^  = M o /E X  '
n = d im e n s io n le s s  len g th  of in n e r  end c ra n k
n’ = co n stan t = in te g ra l  p a r t  of (9 g  -  T A N ”  ^ 9 ^ )  /  2 TT
m  = n u m b e r of sp rin g s  in  box d u rin g  m a n u fa c tu re
-  n u m b e r of tu rn s  on s p rin g  rounded  to  in te g e r  va lu e
p = p / e i
q = Q / E I
r j  = ra d iu s  f r o m  the o r ig in  to  any po in t on the u n s tre s s e d
s p rin g
Tq = ra d iu s  of c o lle t
= ra d iu s  of o u te r end of s p rin g  
r^^ = ra d iu s  of c o lle t  p o s itio n  on b a s ic  f re e  end s p rin g
T fg  = o u te r  ra d iu s  of the f r e e  end s p rin g
r^  = ra d iu s  of c u rv a tu re  of the c ir c u la r  a re  o v e r  w h ich  the
cu rb  pins o p e ra te  
Trj, = ra d iu s  of c u rv a tu re  of u n s tre s s e d  c ran k e d  te r m in a l
Tmr = ra d iu s  of c u rv a tu re  of c ra n k e d  te r m in a l  on d e fle c te d  f r e eT f
end s p rin g
s = len g th  of the s p rin g  f r o m  the base c ir c le
s'  = len g th  o f the s p rin g  f r o m  the c o lle t  ra d iu s
Sq = len g th  o f the im a g in a ry  s p rin g  co n ta ined  in  the c o lle t
sj_, = to ta l len g th  of the s p ir a l  f r o m  the  base c ir c le  to  its
o u te r  end
t  = (1 + 2 K ^ ^ ) / tt in  the f r e e  and f ix e d  end an a ly s es  or^
th e  t im e  c o -o rd in a te  in  the d y n a m ic  a n a ly s is  
u = len g th  of a p o rtio n  of the c ra n k  on a c ra n k e d  te r m in a l
V = G g/Q L
x , x ’ = s p rin g  c o -o rd in a te s
y , y ‘ = s p rin g  c o -o rd in a te s
x ( s y  (s ')^ = s p rin g  c o -o rd in a te s  of the u n s tre s s e d  s p rin g
in  te rm s  of s ’
x ( s ’ )£, y  (s ') f  = s p rin g  c o -o rd in a te s  o f the f r e e  end s p rin g  in
te rm s  of s '.
z r  (s ')  . = r a d ia l  ra n d o m  p itc h  v a r ia t io n  fu n c tio n
z , z ' ,  = m e a s u re s  of s p rin g  g e o m e try  d is to r t io n
= e (1 -  K 6  /2 )n -
_ = v a lu e  of Of a t s ' = L
L
01 = v a lu e  of of a t s ' = 0
o -
Y = a n g u la r  d e fle c tio n  of the s p rin g
p = a m p litu d e  of o s c illa t io n  of b a lan ce
5 = in c lu d e d  an g le  b e tw een  r- and r^ w h en  t  £ is  m ad e
e q u a l to
Ô ~  ^ a t  s ' = 0 and s' = L  re s p e c t iv e ly ,
o, L  .
6 = ang le  tu rn e d  th ro u g h  by an o u te r end e la s t ic  a n ch o r
 ^ = co n stan t ang le  th ro u g h  w h ich  the o u te r  end is
tu rn e d  w ith  re s p e c t to  its  c o r r e c t  p o s itio n  
(^x I
A T  = . change in  p e r io d  due to  n o n - l in e a r i ty  of s p r in g
Ar = r^  ^ -  r£ on the b a s ic  f r e e  end s p rin g
«
A x , Ay = g e n e ra l f re e  end d e fle c tio n s
A x . ,  A y . = in t r in s ic  f re e  end d e fle c tio n s
1 1
Ax^ , Ay^ = f r e e  end d e fle c tio n s  due to s p rin g  e c c e n tr ic ity
A X , Ay = f re e  end d e fle c tio n s  due to  an e la s t ic  o u te r  an ch o r
E L
A X  ^ A y . = f r e e  end d e fle c tio n s  due to  co n stan t e r r o r  in
Ô C , Û C
o u te r  end tangent
^ X  Ay = co n stan t d is p la c e m e n t due to in c o r re c t  p inn ing
C J c
a t the o u te r end on the f ix e d  end s p rin g .
A x A y  = f r e e  end d e fle c tio n s  due to in n e r  c ra n k  on s p rin g
n , n
6 X ^ y  = f re e  end d e fle c tio n s  due to  o u te r c ra n k e d  te r m in a l
X > 1
Ax Ay  = f re e  end d e fle c tio n s  fo r  a s p rin g  w ith  a c ra n k e d
c, c
te r m in a l
e = an g le  d e s c r ib in g  the p o s itio n  of the c e n tre  of the
s p rin g  w ith  re s p e c t to  the c e n tre  of ro ta t io n  in
e c c e n tr ic  m o u n tin g
e. e = ang le  in c lu d ed  be tw een  the n o rm a l and ra d iu s  on
1, f
the in v o lu te  and f r e e  end s p rin g  re s p e c t iv e ly
= S f i  . V  - S  
%  . ■ E i  -  I
6 = tan g en t ang le  to  b a s ic  in v o lu te  s p ir a l
6 0
o, L, -  e a t s ' = 0 and s ' = L  re s p e c t iv e ly
k: = s tiffn e s s  of o u te r end c ra n k e d  te r m in a l  in  x
X
d ire c t io n
K = s tiffn e s s  of o u te r end c ran k e d  te r m in a l  in  y
y  -
d ire c t io n
X = n o n -d im e n s io n a l e c c e n tr ic ity  of the c o lle t .
= s tiffn e s s  e x p re s s io n s  re la t in g  the f r e e  endX X 
1 , 2
d e fle c tio n s  to  the re a c tio n  fo rc e s  P  and* Q . 
E  I
jjL^  =. an g le  b e tw een  the ra d iu s  and the x  a x is  on the
b a s ic  in v o lu te  s p ira l
= a n g u la r  len g th  of s p rin g  betw een  cu rb  pins and stud  
V *  = the ang le  b e tw een  the m a jo r  a x is  of bunched
d is to r t io n  and the x  ax is
5 = 0 L  -  T A N -1  0 g  -  2 tt n '
= ra d iu s  of c u rv a tu re  of the b a s ic  f r e e  end s p ir a l
Q- = ang le  b e tw een  r^  and on the u n s tre s s e d  s p rin g
^  =  O' -
^ - = ang le  subtended a t  the o r ig in  by  a p a r t ic u la r  len g th
of t e r m in a l  OR T = w) t
P = ’^ f '
§ = phase ang le
Y. = tan g en t to  the u n s tre s s e d  s p ir a l  ♦
^£ = . tan g en t to  the f r e e  end s p ir a l  ,
U)
tan g en t to the f ix e d  end s p ira l  
a n g u la r  v e lo c ity  = Sj / I t
(Ü ^  = a n g u la r  v e lo c ity  of a p p ro x im a te  s o lu tio n  to
eq u atio n  of m o tio n  
O = ang le  subtended by the c ra n k e d  te r m in a l  a t  the
s p rin g  c e n tre  on the  u n s tre s s e d  s p ir a l .
i .  IN T R O D U C T IO N
1 .1  T h e  t im e k e e p in g  of a l l  p re s e n t day c locks and w atches
is  c o n tro lle d  by som e fo r m  of o s c i l la to r .  T h e  o s c il la to r  in  
a c lo c k w o rk  o r  m e c h a n ic a l c lo c k  is  e ith e r  a s im p le  pendu lum  
o r a bala.nce w h e e l and h a irs p r in g . In  d o m e s tic  e le c t r ic  
clocks the o s c il la to r  can be e ith e r  a b a lan ce  w h e e l «and s p rin g , 
a tu n in g  fo r k ,  a p endu lum  o r a p ie z o -e le c t r ic  c r y s ta l .  The  
th e s is  p re s e n ts  an  in v e s tig a tio n  of the b e h a v io u r of s p ir a l  
sp rin g s  of the type c o m m o n ly  used  in  co n ju n ctio n  w ith  b a lan ce  
w h e e ls .
T h e  e a r l ie s t  t im e -m e a s u r in g  d e v ic e s  w h ich  have  
s u rv iv e d  to  the p re s e n t day  a re  th e  p r im it iv e  su n d ia ls  o r  
shadow  c locks and the w a te r -c lo c k s  o f a n c ie n t E g y p t (c . 1500  
B . C . ) .  T h e se  types of in s tru m e n ts  w e re  d eve lo p ed  and  
im p ro v e d  by the  G re e k s  and w e re  in  use th ro u g h o u t the  G re e k  
and R o m a n  E m p ire s  ; to g e th e r  w ith  the sand c lo c k  th e y  w e re  
s t i l l  the on ly  t im e k e e p e rs  g e n e ra lly  e m p lo ye d  up to  and  
th ro u g h  the e a r ly  M id d le  A g e s . T h e  C hine se, a ro u n d  1000  A . D . ,  
b ro u g h t the w a te r  c lo c k  to  a h ig h  d e g re e  of d e v e lo p m e n t.
T h e  f i r s t  m e c h a n ic a l c lo c k s , in c o rp o ra t in g  a p r im it iv e  
fo r m  of b a lan ce  w h e e l (the fo l io t ) ,  a p p e a re d  in  W e s te rn  
E u ro p e  in  the 14th  C e n tu ry . In  the e a r ly  17 th  Century the  
pendu lum  c lo c k  was d eve lo p ed  and w as c lo s e ly  fo llo w e d  by  
the b a lan ce  w h e e l and s p ir a l  s p r in g . T h e  f i r s t  know n use of 
the s p ir a l  s p rin g  was in  1675 w hen a w a tch , e m p lo y in g  a
b a lan ce  and s p r in g , w as c o n s tru c ted  a c c o rd in g  to  
in s tru c tio n s  p ro v id e d  by C h r is t ia n  H uyghens, a lth o u g h  
R o b e rt Hooke c la im e d  to  have in v en ted  the s p rin g  s e v e ra l  
y e a rs  e a r l i e r .  The  e a r ly  sp rin g s  w e re  of copper o r  ir o n ,  
w ith  few  tu rn s , and w e re  so m ew h at crude  in  fo r m . I t  is  
im p o r ta n t to  note th a t both Huyghens and Hooke c o n s id e re d  the  
b a lan ce  and s p ir a l  s p r in g  s y s te m  to be isochronous '^ , and not 
u n t i l  1766 d id  P ie r r e  L e  R oy  (5) d e m o n s tra te  e m p ir ic a l ly  
th a t th is  w as n o t so. L e  R o y  a ls o  thought, m is ta k e n ly , th a t : -
" T h e re  is  in  e v e ry  s p r in g , p ro v id in g  i t  be long  enough, 
a len g th  th a t causes a l l  the v ib ra t io n s , w h e th e r long  o r  s h o rt ,  
to  be is o c h ro n a l."
i
T h e  e x p la n a tio n  of L e  R o y 's  e r r o r  in  th is  m a t te r  is  
p ro b a b ly  th a t he a c c id e n ta lly  p ro d u ced  a s p rin g  th a t obeyed  
the R e  s a l and C a s p a r i (8 ) ru le  (see b e lo w ). L e  R o y 's  v ie w s ,  
h o w e v e r, w e re  not adopted  by w a tc lim a k e rs  of the p e r io d .
“/•
A s  is o c h ro n a l e r r o r s  due to  the e s c a p em e n t , 
te m p e ra tu re  changes and f r ic t io n ,  w e re  re d u c e d , the  
in flu e n c e  of the s p rin g  i t s e l f  b e ca m e  m o re  p ro n o u n ced .
'^The o s c illa t io n s  of a b a lan ce  o r pendu lum  a re  iso ch ro n o u s  
w hen the p e r io d  of o s c illa t io n  is  in d ependent of the  a m p litu d e  
of o s c illa t io n .
•/■The b a s ic  purpose of the e s c a p e m e n t is to  count the c yc les  
of the o s c illa to r ,a n d  in  s p rin g  o r  w e ig h t d r iv e n  c lo cks  to  a ls o  
m a in ta in  the o s c illa t io n .
H ence the m a r in e  c h ro n o m e te r , as the m o s t a c c u ra te  
b a lan ce  w h e e l t im e p ie c e  of the d ay , w as the f i r s t  to  d is p la y  
a tte m p ts  a t c o r re c t io n . J . A rn o ld  in  1 78 2 , u s in g  a h e lic a l  
b a lan ce  s p rin g , c u rv e d  the tw o ends of the s p rin g  to w a rd s  
the a x is  o f the b a lan ce  as shown in  F ig .  ( 1 .1 ) .  T h ese  
' t e r m in a l '  cu rves  w e re  a d ju s te d  e x p e r im e n ta lly , so th a t the  
s p rin g  expanded and c o n tra c te d  u n ifo rm ly . The  e a r ly  w a tc h ­
m a k e rs  in tu it iv e ly ,  and to  som e e x te n t c o r r e c t ly ,  f e l t  th a t th is
co n d itio n  w ou ld  le a d  to  is o c h ro n is m . In  1800 A b ra h a m  
/
B re g u e t succeeded  in  a p p ly in g  the id e a  of t e r m in a l  cu rve s  to  
the s p ir a l  s p r in g . T h is  te r m in a l  c u rv e , on the o u te r  tu rn  
o n ly , is  fo rm e d  by bend ing  the o u te r c o il up in to  a p lane  
above th a t of the s p r in g , and fo rm in g  th is  tu rn  in to  a  
'B re g u e t o v e r c o il ' (3 ). T h is  o v e rc o il  is a d ju s te d  to  produce  
u n ifo rm  m o tio n  of the s p rin g  and an e x a m p le  is  i l lu s t r a te d  
in  F ig .  ( 1 .2 ) .  B re g u e t a ls o  re c o g n is e d  th a t by m a n ip u la tio n  
of the o v e rc o il ,  a lte ra t io n s  to  the c h a ra c te r is t ic s  of the s p rin g  
a re  p o ss ib le  and th a t th ese  could  be m ad e  to  c a n c e l out som e  
e s c a p e m e n t e r r o r s .  The  a c tu a l m a n ip u la tio n  of the s p rin g  is  
e n t ir e ly  e m p ir ic a l  and depended on the s k i l l  of the w a tc h ­
m a k e r .
In  1861 the fam ous c la s s ic a l p a p e r by P h il l ip s  (6 ) 
p re s e n te d  som e th e o r e t ic a l  ev id en ce  in  s u p p o rt of the  
e m p ir ic a l  a p p ro ac h . P h ill ip s  d e m o n s tra te d  th a t in  a f in ite  
h e lic a l  s p rin g  the is o c h ro n a l e r r o r s  could  be re d u c e d , but 
not to  z e r o ,  by u s in g  s p e c ia lly  shaped te r m in a l  c u rv e s .
TEf\rAVNA.L‘S..
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T h e  conditions g o v ern in g  these cu rve s  a re  as fo llo w s :~
(a ) T h e  c e n tre  o f g ra v ity  of the .te rm in a l c u rv e  m u s t  
l ie  on th a t a x is  w h ich  is  ro ta te d  th ro u g h  a r ig h t  
a n g le , in  a c lo ck w is e  d ire c t io n , f r o m  the ax is  
jo in in g  an o u te r end of the h e lix  and the b a lan ce  
c e n tre .
(b) T h e  c e n tre  of g ra v ity  o f the te r m in a l  m u s t l ie
f r o m  the b a lan ce  c e n tre  a lo n g  the above a x is ,  
v /h e re  R  is the o u te r ra d iu s  of the  s p r in g , and ^  
is  the len g th  of te r m in a l .  T h e se  ru le s  a re  i l lu s t r a te d  
fo r  a te r m in a l  in  F ig .  ( 1 .3 ) .
A s  P h ill ip s  p o in ted  out, these  cond itions  can  be 
s a t is f ie d  in  an in f in ite  n u m b e r of w a y s , and a s e le c tio n  of 
P h ill ip s  te rm in a ls  a r e  p re s e n te d  in  F ig .  ( 1 .4 ) .  R a th e r  
than  a tte m p tin g  to  red u ce  the m ag n itu d e  of the s p rin g s  n o n ­
l in e a r  to rq u e  co m ponent, an  a lte rn a t iv e  a p p ro a c h  is  to  
a tte m p t to  re n d e r  the p e r io d  of o s c illa t io n  in d ep en d en t of the  
a m p litu d e . T h e  s o lu tio n  of R e s a l and C a s p a r i (1 8 8 9 ), (7 ), 
(8 ) , ach ie v es  th is  co n d itio n . C a s p a r i show ed th a t i f  a 
h e lic a l  s p rin g  has an  in te g r a l  n u m b e r of tu rn s , p lus o r  
m in u s  a q u a r te r  tu rn , the o s c illa t io n  of the  b a lan c e  is  
is o c h ro n o u s . T h is  re s u lt  w as d e r iv e d  fo r  the " f ic t it io u s  
h e lic a l"  spring '^ , bu t s im i la r ly  im p ro v e s  the  is o c h ro n is m  of
*T h e  " F ic t it io u s  h e l ic a l"  s p r in g  m a y  be d e fin e d  as a s p r in g  
m o d e l h av in g  s e v e ra l tu rn s  of the  sam e ra d iu s , a l l  ly in g  in  
the sam e plane and h av in g  a co m m on c e n tre .
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a s p ir a l  s p r in g , as shown in  th is  th e s is  and in  the re s u lts  of 
som e e x p e r im e n ts  conducted  by L e  C o u ltre  and C om pany of 
L e  S e n tie r  (7 ). T h ese  la t te r  e x p e r im e n ts  w e re  conducted on 
a m e c h a n ic a l s p r in g -d r iv e n  w a tc h , w ith  a c a re fu lly  a d ju s te d  
but s ta n d a rd  e s c a p e m e n t, and hence w e re  p ro n e  to  
u n p re d ic ta b le  e r r o r s .  I t  is n o te w o rth y  th a t m a n y  m o d e rn  
s p rin g s  a re  d es ig n ed , as f a r  as i t  is  p o s s ib le , to  fo llo w  
C a s p a r i 's  r u le .  G ro s s m a n  and L o s s ie r  (3 ), (9 ) cam e to  
conclus ions  s im i la r  to  those of C a s p a r i, and a ls o  
e x p e r im e n ta lly  in v e s tig a te d  the use of an  in n e r  t e r m in a l  c u rve  
on a tru e  s p ir a l  in  the s e a rc h  fo r  is o c h ro n is m .
R ig o ro u s  and e le g a n t a n a ly s es  of the p ro b le m  a re  
p u b lish ed  by J. H agg (1 9 31 ) (1 0 ), and by G o u d s m it and  W ang  
(1 9 4 0 ) (8 ). In  the  la t te r  p a p e r both  the P h ill ip s  and C a s p a r i  
so lu tio n s  a re  d e r iv e d . G o u d s m it and W ang a ls o  in d ic a te  the  
e ffe c t on the n o n - l in e a r  to rq u e  c h a r a c te r is t ic  of a te r m in a l  
d es ig n ed  fo r  a h e lic a l  s p r in g , w hen  a p p lie d  to a A rc h im e d e s  
s p ir a l .  W a n g ’s te r m in a l  is  capab le  o f be in g  fo rm e d  in  the  
sam e p lane  as the s p ir a l  and is  a d e fin ite  advance  on those  
d e v is e d  by P h i l l ip s .  U n fo r tu n a te ly ,a ll  te rm in a ls  d e v is e d  to  
date  s u ffe r  f r o m  the d is ad v a n ta g e  of b e in g  p ro h ib it iv e ly  
e xp en s ive  in  m a ss  p ro d u c tio n . A  fu r th e r  t e r m in a l ,  a ls o  in  
the p lane  o f the s p r in g , is  g iv e n  b y  W . O . D a v ie s  (1 9 5 2 ) (11 ) 
but a g a in  is  exp en s ive  to  p ro d u c e .
1 .2  T h e  h a irs p r in g  in  d o m e s tic  c locks and w atch es  is  in  the
fo r m  of a f la t  s p ir a l ,  w h ic h  can be in i t ia l ly  d e fin e d  as th a t  
s tru c tu re  c o n s is tin g  of a w ire  o r s t r ip ,  c o ile d  in to  a re g u la r  
s p ir a l  w h ich  lie s  in  a f la t  p la n e . A  b a lan ce  and s p rin g  
a s s e m b ly  is  i l lu s t r a te d  in  F ig .  ( 1 .5 )  w h e re  the e sc a p em e n t 
is  o m itte d  fo r  c la r i ty .
' * «
B a lan c e  w h e e l c lo cks  and w atch es  can be d iv id e d  in to  
tw o m a in  ty p e s , n a m e ly : -
(a ) M e c h a n ic a l c lo cks  and w atch es  w h ich  a re  d r iv e n  by the  
e n e rg y  s to re d  in  a c o ile d  m a in s p r in g  w ith  the b a lan ce  
a c tin g  as a ’g a te ’ c o n tro llin g  the e n e rg y . T h e  b a lan ce  
w h e e l, a t a p o in t in  its  sw in g , u n locks  the  
e s c a p e m e n t and a llo w s  the g e a r  t r a in  to  m o ve  a d e fin e d  
a m o u n t. S im u lta n e o u s ly  the escape.m ent g ives  the  
b a lan ce  a m a in ta in in g  im p u ls e . Thus the  e s c a p e m e n t  
fu n c tio n s  as a m a in t  a in e  r  of the o s c il la t io n  and as a  
c o u n te r . A  b lo c k  d ia g ra m  of the s y s te m  is shown in  
F ig .  ( 1 .6 ( a ) ) .
(b) C lo c ks  w ith  an  e le c t r ic a l ly  c o n tro lle d  b a lan ce  have  a 
p e rm a n e n t m a g n e t o r  c o il,  o r  c o il and c o n ta c t, 
m o u n ted  on the  b a lan c e  w h e e l in  c lo se  p r o x im ity  to  a  
f ix e d  c o il o r  m a g n e t o r c o n ta c t. T h e  m a in ta in in g  
im p u ls e  is  p ro v id e d  by s w itc h in g  c u r r e n t  th ro u g h  the  
c o il a t a d e fin e d  p o in t in  the  c y c le . A  s im p le  
e s c a p e m e n t is  d r iv e n  by the b a lan c e  to  s tep  a g e a r
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t r a in .  T h u s , the o s c i l la to r  is  a m o to r  d r iv in g  the  
c lo c k  hands d ir e c t ly  th ro u g h  a g e a r t r a in .  A  b lo c k  
d ia g ra m  of th is  type o f  c lo ck  is shown in  F ig .  (1 . 6 (b )) .
T h e  p e r io d  of the b a lan ce  and s p rin g  o s c il la to r  v a r ie s  
w ith  changes in  the e n v iro n m e n t. T h a t is  to  say  i t  is  n o n -  
iso ch ro n o u s  and hence the t im e k e e p in g  is  not e x a c t. T h e  
causes of e r r o r  in  tim e k e e p in g  can be d iv id e d  in to  tw o  
c a te g o r ie s , n a m e ly , th e r m a l e ffe c ts  and m e c h a n ic a l e f fe c ts . 
T h e  th e r m a l e r r o r s  due to  the s p rin g  can be a lm o s t  
e lim in a te d  by use of s u ita b le  a llo y s  w ith  c o n tro lle d  th e r m a l  
c o e ffic ie n ts  o f len g th  and m o d u lu s . Such m a te r ia ls  in c lu d e  
In v a r ,  E l in v a r  and N iv a ro x . T h e  m e c h a n ic a l e r r o r s  a r is e  
due to  the fa c t th a t the b a lan ce  and s p rin g  s y s te m  is  n o t a 
s im p le  h a rm o n ic  o s c il la to r  and , th u s , th e re  a r e  s m a ll  
v a r ia t io n s  in  p e r io d  w ith  changes in  a m p litu d e . Changes in  
b a lan ce  w h e e l a m p litu d e , w h ich  can v a ry  f r o m  160® to  2 7 0 ° ,  
o c c u r b e tw een  the fu l ly  w ound and unwound co n d itio n s  of the  
m a in  s p r in g . E v e n  in  c a re fu lly  d es ig n ed  e le c t r ic a l ly  
c o n tro lle d  b a lan ces  th e re  can be a ±  5% v a r ia t io n  of 
a m p litu d e  w ith  v a r ia t io n  of e n e rg y  le v e ls .  I t  shou ld  be 
n oted  th a t a lth o u g h  the v a r ia t io n s  in  p e r io d  a re  s m a ll,, th e ir  
c u m u la tiv e  e ffe c t on the  tim e k e e p in g  is  s ig n if ic a n t. T h e  
a c c u ra c y  of a good q u a lity , c a re fu lly  a d ju s te d  w r is t  w a tc h  o r  
c lo ck  can be of the o rd e r  of ±  4 seco n d s / d a y . T h a t  is  
a p p ro x im a te ly  4 p a rts  in  10^ .
The causes of the m e c h a n ic a l e r r o r s  can be 
c la s s if ie d  as fo llo w s
1 .2 .1  C o u lo m b  F r ic t io n
The  in flu e n ce  of f r ic t io n  on the m o tio n  of a b a lan ce  
has been in v e s tig a te d  to  a l im ite d  e x ten t by A n d ro n o v  and  
C h a ik in  (1) and a ls o  by M in o r  sky  (2 ). H o w e v e r , w ith  the  
use of je w e lle d  b e a rin g s  and the  c o r re c t  d es ig n  of p ivo ts  and  
g e a r  t r a in ,  the f r ic t io n a l  d is s ip a tio n  can be re d u ce d  to  a 
v e r y  s m a ll  v a lu e .
1 . 2 .2  C e n tr ifu g a l E ffe c ts
A n y  changes of the  m o m e n t of in e r t ia  of the  
o s c illa t in g  s y s te m  due to  its  own m o tio n  have been  a lm o s t  
e lim in a te d  w ith  the in tro d u c tio n  of the m o d e rn  u n cu t b a lan c e  
and s m a ll l ig h t h a irs p r in g .
1 . 2 . 3  "E s  cap em en t"
I t  can be shown th a t i f  the m a in ta in in g  im p u ls e  is  of 
co n stan t m ag n itu d e  and a p p lie d  e q u a lly  about top  dead c e n tre  
( th a t  is  to  say , the  r e s t  p o s itio n  of the b a la n c e ),th e n  the  
is o c h ro n a l e r r o r s  due to  the e s c a p em e n t a r e  n e g lig ib le  (3 ).
T o  o b ta in  the above id e a l co n d itio n  in  a s p r in g -d r iv e n  
w a tc h  is  d if f ic u lt ,  and co n seq u en tly  the e s c a p e m e n t g e n e ra lly  
in tro d u c e s  an e r r o r .  H o w e v e r , in  the case of the e le c t r ic a l ly  
m a in ta in e d  m o v e m e n t i t  has becom e p o s s ib le  to s e p a ra te  the  
m a in ten a n c e  and counting fu n ctio n s  of the e s c a p e m e n t, thus  
a llo w in g  the e sc a p em e n t to be d esig n ed  to  f u l f i l  the id e a l  
co n d itio n  s ta ted  above.
1 . 2 . 4  M o v e m e n t of the c en tre  of G ra v ity  of the B a lan ce  and  
H a ir s p r in g  _____
T h e  la c k  of 'p o is e ' ^ of the b a lan ce  w h e e l p roduces  a
v a r ia b le  m o m e n t about the b a lan ce  a x is  th a t can g ive  r is e  to
la rg e  is o c h ro n a l e r r o r s .  T h ese  e r r o r s  a re  ab sen t w hen the
b a lan c e  is in  the h o r iz o n ta l p la n e . H o w e v e r , i t  can be shown
th a t i f  the a m p litu d e  of o s c illa t io n  of the b a lan ce  w h e e l is
h e ld  constant a t about 220® o r  4 0 5 °  the po ise  e r r o r s  d is a p p e a r
(3 ). H ence the m a jo r i ty  of w atch es  have an a v e ra g e  a m p litu d e
c lo se  to 2 2 0 ° .
T h e  m o v e m e n t of the c e n tre  of g ra v ity  of the s p rin g  
re s u lts  in  a s im i la r  is o c h ro n a l e r r o r .  T h is  m o v e m e n t in  
the h e l ic a l  s p r in g  is  in v e s tig a te d  by H . and J. G ro s s m a n  (3 ), 
and, fo r  the f la t  s p ir a l  s p r in g  by the p re s e n t a u th o r in  an  
u n p u b lish ed  p a p e r .
1 .2 .  5 S p rin g  M a te r ia l  N o n -L in e a r ity
The s p rin g  m a t e r ia l  does no t obey H o o ke 's  la w  e x a c tly  
and hence th e re  a r is e  s m a ll is o c h ro n a l e r r o r s .  T h is  e ffe c t  
has been in v e s tig a te d  by M . Jaque ra d  (4 ).
1 . 2 . 6  'G e o m e tr ic ' N o n -L in e a r i t ie s  of the S p rin g
T h e  in n e r  end of the s p ir a l  s p r in g  is  a tta c h ed  to  a 
c o lle t  of f in ite  ra d iu s , and the o u te r  end is  fix e d  to  a s-tud on 
the w a tch  fra m e  as shown in  F ig .  (1 . 5 . ) . H ence w ith  a  
p e r fe c t  s p r in g , as the s y s te m  o s c illa te s  and the s p r in g
*  A  b a lan ce  la c k in g  'p o is e ' is s ta t ic a l ly  u n b a lan ced  and is 
'p o is e d ' w hen b a lan c e d .
expands and c o n tra c ts , re a c tio n  fo rc e s  a re  set up a t the  
end p o in ts . A n a ly s is  shows th a t these re a c tio n s  g ive  r is e  to  
a n o n - l in e a r  re s to r in g  to rq u e  and hence an  is o c h ro n a l e r r o r .  
T h is  e r r o r  w i l l  be c a lle d  the 'in t r in s ic ' e r r o r  of the s p rin g  
and is dependent on the s p r in g 's  b a s ic  g e o m e tr ic  p a ra m e te rs .
F o r  a p e r fe c t  s p ira l  s p rin g  the in t r in s ic  e r r o r  
co n stitu tes  a m in im u m . T h e  in t r in s ic  is o c h ro n a l e r r o r  can  
be red u ced  fu r th e r  on ly  by the a d d itio n  of 'te r m in a ls ' to  the  
b a s ic  s p rin g  (3 ). T h e  a d d itio n  of te rm in a ls  is  n o t fe a s ib le  
fo r  the m a jo r i ty  of m a ss  p ro d u ced  c locks and v /a tc h e s . In  
the p ro d u c tio n  of the s p rin g s  v a r io u s  e r r o r s  a r is e ,  due to  
m a n u fa c tu r in g  and a s s e m b ly  p ro c e s s e s ,w h ich  m o d ify  and  
in  m a n y  cases c o m p le te ly  sw am p  the in t r in s ic  n o n -  
l in e a r i t y .  W h e re  s e v e ra l  sp rin g s  a re  f i t te d  to  the b a lan ce  
s ta ff,a s  w ith  som e types of e le c t r ic a l ly  m a in ta in e d  b a la n c e s , 
th e re  is  the p o s s ib ility  of 't a i lo r in g ' the s p rin g  
c h a ra c te r is t ic s  to  a d e s ire d  fu n c tio n  by m a n ip u la tio n  of the  
in d iv id u a l s p rin g  p a ra m e te rs  and o r ie n ta t io n .
I t  is  the in v e s tig a tio n  of the g e o m e tr ic  n o n - l in e a r i ty  of 
the h a irs p r in g  th a t is the s u b jec t of th is  th e s is .
1 .3  Due to  the w o rk  of p re v io u s  in v e s t ig a to rs , p re s e n t day
tim e p ie c e s  can have a h ig h  d e g re e  of r e l ia b i l i t y  and a c c u ra c y .  
H o w e v e r , the w o rk  on the s p ir a l  h a irs p r in g  d e s ig n  w as  
la r g e ly  of a q u a lita t iv e  n a tu re . The  n ex t s tep  is  to  put s p r in g  
d es ig n  on a q u a n titiv e  and r a t io n a l b a s is . Som e po in ts
a r is in g  out of p re v io u s  w o rk  and re q u ir in g  fu r th e r  
in v e s tig a tio n  a re  l is te d  as fo llo w s  : -
1 .3 . 1  A l l  the a n a ly t ic  m ethods  g iven  to  date use as a m o d e l
the 'f ic t it io u s  h e lic a l  s p r in g '.  The a n a ly s is  of the s p ir a l  
s p rin g  is  co m p lex  and g e n e ra lly  re q u ire s  n u m e r ic a l  
s o lu tio n s . A n  o u te r te r m in a l  d es ig n ed  fo r  a h e lic .a l s p r in g  
w i l l  have a v e r y  d if fe re n t  e ffe c t w hen a tta h c ed  to  a s p ir a l ,  
a lth o u g h  i t  is shown in  G o u d sm it and W a n g ' s p a p e r (8 ) th a t  
i t  can  red u ce  the re a c tio n  fo rc e s  and is o c h ro n a l e r r o r s .
I t  is  in te re s t in g  to  note th a t P h ill ip s  w as no t s a t is f ie d  w ith  
the in d is c r im in a te  a p p lic a tio n  o f h is  te r m in a ls  to  s p ir a ls .
T h e  concept o f the  f ic t it io u s  h e l ic a l  s p r in g , h o w e v e r , does  
not p ro v id e  a m e th o d  fo r  the d e te rm in a tio n  of the m a g n itu d e s  
of the  is o c h ro n a l e r r o r s  in  the  tru e  s p ir a l .
1 . 3 . 2  In  cases w h e re  the s p ira l  s p r in g  is m e n tio n e d  i t  is  
a ssu m ed  to  be an A rc h im e d e s  s p ir a l ,  w hen as a consequence  
of the m eth o d  of c o n s tru c tio n  (S ectio n  2 ), i t  ta k es  the fo r m  
of a c ir c u la r  in v o lu te  s p ir a l ,  w h ic h  has the  e ffe c t o f 
d e c re a s in g  the c o m p le x ity  o f the a n a ly s is  of is o c h ro n a l 
e r r o r s  due to the s p r in g .
1 . 3 . 3  In  s p r in g -d r iv e n  c lo cks  and w atch es  the e s c a p e m e n t  
p ro d u ces  an u n a vo id a b le  e r r o r  in  t im e k e e p in g . I t  w o u ld  thus  
be d e s ira b le ,  fo r  m e c h a n ic a l s y s te m s , to  d e s ig n  the s p rin g  
to  produce  is o c h ro n is m  in  the  o v e r a l l  b a la n c e -e s c a p e m e n t  
s y s te m . I f  the e s c a p e m e n t e r r o r  is  a b se n t o r  v e r y  s m a ll ,
as in  som e e le c t r ic a l ly  m a in ta in e d  t im e -p ie c e s ,  the  
r e q u ire m e n t is  fo r  is o c h ro n is m  of the s in g le  o r m u lt ip le  
s p rin g  s y s te m .
1 . 3 . 4  No a tte m p t has been  m ad e  in  the p ast to  take  in to  
c o n s id e ra tio n  the m e c h a n ic a l to le ra n c e s  on the m a n u fa c tu re  
and a s s e m b ly  of the s p r in g . Thus a t p re s e n t any «estim ate  
of the e ffe c ts  of s p rin g  d is to r t io n , in c o r re c t  f ix in g , o r  
r e g u la t io n ,*  is  based  on e x p e rie n c e  r a th e r  th an  w e l l  d e fin e d  
ru le  s.
1 .3 .  5 T h e re  is  v e r y  l i t t le  e x p e r im e n ta l v e r i f ic a t io n  of the
lim ite d  th e o re t ic a l  re s u lts  o b ta ined  to  date  on the iso ch ro n o u s  
e r r o r s  due to s p r in g s . T h e  s m a ll  am o u n t in  G o u d s m it 's  
p a p e r is  co n fin ed to  the h e l ic a l  f r e e  end s p rin g  (see  b e lo w )  
and the w o rk  o f D o s s ie r  (3 ) and L e  C o u ltre  C o . , (7 ) is  
based  on a c o m p le te  w a tc h  r a th e r  th an  a f r e e  b a lan c e  s y s te m .
1 .4  In  1920  H . B ouasse (1 2 ) p o in ted  out th a t p e r fe c t  
is o c h ro n is m  in  a f la t  s p ir a l  w o u ld  re s u lt  i f  the o u te r  end w as  
n o t f ix e d  but a llo w e d  to m o ve  in  the p lane of the s p r in g , w ith  
the p ro v is o  th a t the d ire c t io n  of the tan g en t a t the o u te r  end  
p o in t re m a in e d  u n a lte re d . Thus the s p rin g  is  s u b je c t o n ly  to
*  T h e  re g u la tio n  o r  f in e  t im e k e e p in g  a d ju s tm e n t of m a n y  
clo cks  and w atches  is accom plished w ith  a re g u la to r  o r  in d e x  
th a t v a r ie s  the e ffe c tiv e  len g th  of the s p rin g  and thus the  
o s c il la to r  p e r io d . A  s p rin g  f it te d  w ith  a ty p ic a l re g u la to r  
is  i l lu s tr a te d  in  f ig .  ( 1 .7 ) .
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a p u re  bending m o m e n t,a n d  a  b a lan ce  and s p rin g  s y s te m  
of th is  type is  is o c h ro n o u s . A n  a r ra n g e m e n t of th is  k in d  
is c a lle d  a 'f re e  end s p r in g ' an d ,a lth o u g h  u s e fu l m o d e ls  can  
be b u ilt ,  is  in c ap b le  of r e a l is a t io n  in  a p r a c t ic a l  w a tc h . The  
f r e e  end s p rin g  m o d e l fo rm s  the b as is  of the a n a ly s is  of the  
h e lic a l  s p rin g  by G o u d sm it and W ang, and a ls o  of som e  
n u m e r ic a l w o rk  on the A rc h im e d ia n  s p ir a l .  T h e  p re s e n t a u th o r  
a ls o  uses the concept in  the a n a ly s is  of the in v o lu te  s p ir a l ,  
and in  en d ea v o u rin g  to  a n s w e r  som e of the c r it ic is m s  of 
p re v io u s  w o rk ,th e  th e s is  fa lls  n a tu r a lly  in to  the  th re e  
fo llo w in g  sections
1 .4 . 1  T h e  F r e e  End S p rin g
A p p ro x im a te  e x p re s s io n s  fo r  the  d is p la c e m e n t of the  
f r e e  end s p r in g 's  o u te r  end a re  deduced and c o m p a re d  w ith  
e x a c t and e x p e r im e n ta l v a lu e s . T h e  in flu e n ce  upon these  
d is p la c e m e n ts  of v a r io u s  fo rm s  of d is to r t io n  of the s p r in g  
and its  m o u n tin g  is  in v e s tig a te d .
1 . 4 . 2 The  F ix e d  E n d  S p rin g
T h is  is  the c o n fig u ra tio n  as u sed  in  c lo cks  and watches^
■
the s p rin g s  o u te r  end be ing  f ix e d  to  a stud on the w a tc h  
f r a m e .  A p p ro x im a te  e x p re s s io n s  fo r  the re a c tio n  fo rc e s  
a t the s tud , in  te rm s  of the fre e .e n d  d is p la c e m e n ts , a r e  
d e r iv e d , and c o m p are d  w ith  e x a c t and e x p e r im e n ta l v a lu e s .
T h e  in flu e n ce  on these  fo rc e s  of the fo rm s  of d is to r t io n  ®
d iscu ssed  in  the f re e  end s p rin g  s ec tio n  is in v e s tig a g e d .
1 .4 , 3  D y n a m ic  B e h a v io u r of the F ix e d  E n d  S p rin g
E x p re s s io n s  a re  deduced by the a v e ra g in g  m ethods  of 
W . R itz  (13 ) g iv in g  the is o c h ro n a l e r r o r  im p l ic i t ly  in  te rm s  
of the f r e e  end d e fle c tio n s  and e x p lic it ly  in  te rm s  of the  
s p r in g  p a ra m e te rs  and the a m p litu d e  of o s c il la t io n . T h e  
is o c h ro n a l e r r o r s  p ro d u ced  by the  fo rm s  of d is to r t io n  
in tro d u c e d  in  the tw o  p re v io u s  sections  a re  in v e s tig a te d .
T h e re  is  a c o m p a ris o n  of th e o r e t ic a l  and e x p e r im e n ta l v a lu e s . 
T h e  e x p re s s io n s  fo r  the is o c h ro n a l e r r o r s  a re  a r ra n g e d  in  a 
fo r m  s u ita b le  fo r  use in  a h o ro lo g ic a l d es ig n  o ffic e  o r  
p ro d u c tio n  u n it . T o  s im p lify  the in v e s tig a tio n  the a n a ly s is  
is  l im ite d  to  s p rin g s  m a n u fa c tu re d  f r o m  c ir c u la r  c ro ss  
s ec tio n  w ir e  r a th e r  than  the c o m m o n ly  used  f la t  s t r ip .  The  
c o m p lic a tio n s  in tro d u c e d  w ith  the f la t  s t r ip  a r e  n o ted  and w i l l  
be the su b jec t o f a fu tu re  in v e s tig a tio n .
2 . H O R O L O G IC A L  H A IR S P R IN G S
2 .1  S p rin g  M a n u fa c tu re
T h e  m a jo r i ty  of h a irs p r in g s  used in  h o ro lo g y  a re  
m a n u fa c tu re d  of e ith e r  phosphor b ro n ze  o r  one of the  
c o m p lex  n ic k e l,  c h ro m iu m , iro n , t ita n iu m  a llo y s , w h ich  
e x h ib it  h ig h  m e c h a n ic a l s tre n g th , v e r y  lo w  h y s te re s is  lo s s e s ,  
and n e a r  z e ro  v a lu e s  of th e rm o -e la s t ic  c o e ff ic ie n t. A l l  
sp rin g s  a re  fo rm e d  by the box m e th o d , the p r in c ip le  of 
w h ich  is  i l lu s t r a te d  in  F ig .  ( 2 .1 ) .  The  c e n tra l sp in d le  is  
sn a ile d  and s lo tte d  as show n, and th re e  w ire s  o r s tr ip s  a r e  
in tro d u c e d  in to  these  s lo ts , a f te r  p ass in g  th ro u g h  the s lo ts  
in  the box. The  sp in d le  is th en  ro ta te d , w in d in g  the th re e  
s p rin g s  in  one o p e ra tio n  in to  the confines of the  box . T h e  
w hole  a s s e m b ly  is h e a t t re a te d , a c c o rd in g  to  the s p rin g  
m a te r ia l ,  to  se t the s p ir a l  and in tro d u c e  the  d e s ire d  m a t e r ia l  
p ro p e r t ie s . T h e  sp rin g s  can then  be re m o v e d  and  
s e p a ra te d  re a d y  fo r  m o u n tin g . The  fo u r fa c to rs  d e te rm in in g  
the g e o m e try  of the re s u lta n t s p ira ls  a re  the d ia m e te r  of the  
s p in d le , the n u m b e r of w ir e s ,  the in n e r  d ia m e te r  of the box , 
and the w id th  and th ic kn es s  of the s p rin g  m a te r ia l .
2 . 2 S p rin g  F o r m
T h e  sp rin g s  in  the box a re  in  in t im a te  co n tac t . 
th ro u g h o u t th e ir  len g th . T h is  w o u ld  im p ly , in  the case of 
c lo sed  constan t th ickn ess  r in g s , th a t th e re  is  a co m m o n  
c e n tre  of c u rv a tu re , and in  the case of the s p ir a l ,  th a t the
s n a i l e d
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c e n tre  of c u rv a tu re  has a f ix e d  locus re g a rd le s s  of the  
ra d iu s  of the c o il.  T h e re  is a ls o  a constant p itc h  a lo n g  the  
ra d iu s  of c u rv a tu re . T h e  c ir c u la r  in vo lu te  s p ir a l  fu lf i ls  the  
above cond itions e x a c tly , h av in g  as a locus fo r  the c e n tre  of 
c u rv a tu re  the base c ir c le  of ra d iu s  ” a ” and a co n stan t p itc h , 
alo ng  the ra d iu s  of c u rv a tu re , of 2iTa. T h e  A rc h im e d e s  s p ira l  
s a t is f ie s  n e ith e r  of the co n d itio n s , the locus of the ra d iu s  of 
c u rv a tu re  b e in g  i t s e l f  a s p ir a l ,  e m a n a tin g  f r o m  the o r ig in ,  
th a t tends to  a c ir c le  of ra d iu s  "a "  as the n u m b e r of tu rn s  
in c re a s e . The. A rc h im e d e s  s p ir a l  c lo s e ly  a p p ro x im a te s  to  
the in v o lu te  s p ir a l  as the n u m b e r of tu rn s  in c re a s e .
Thus the in v o lu te  s p ir a l  is used as the  s p rin g  m o d e l in  
the an a ly s es  on the b asis  th a t : -
(a ) i t  s a t is f ie s  the cond itions of m a n u fa c tu re
c o n s id e ra b ly  b e tte r  th an  the A rc h im e d e s  s p ir a l  
and
(b) the ad o p tio n  of th is  m o d e l s im p lif ie s  the
a n a ly s is  w ith  re s p e c t to  th a t u s in g  the A rc h im e d e s
' s p ir a l .
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2 .3  S p rin g  P a ra m e te rs
T h e  ran g e  of s p rin g  p a ra m e te rs  e n co u n te re d  in  the  
h o ro lo g ic a l sp rin g s  of in te re s t  in  th is  th e s is  a re  as fo llo w s :
2 .3 . 1  T h e  in n e r  to o u te r ra d iu s  ra tio - fa l ls  in  the ra n g e  0 .2
t o  0.  5.
2 . 3 . 2  T h e  m a x im u m  d e fle c tio n  of the s p rin g  is  ±  2 7 0 ° .
2 . 3 . 3  T h e  s t r ip  w id th  to  th ickn ess  ra t io  has a m a x im u m  
v a lu e  of n in e . C i r c u la r  o r  sq u are  s ec tio n  w ir e  is  r a r e ly  
u s ed , ow ing to  the s u s c e p tib ility  to  shock and the d if f ic u lty  
of d e s ig n . H o w e v e r , i t  is  shown in  th is  p a p e r th a t th e re  
a r e  c e r ta in  d e fin ite  advantages  to  be ga in ed  in  u s in g  c ir c u la r  
cro ss  s ec tio n  m a t e r ia l .
2 . 3 . 4  T h e  n u m b e r of tu rn s  o f the s p rin g  has a m a x im u m  
v a lu e  of 18 and a m in im u m  of 7 .
2 . 3 . 5  T h e  d is p la c e m e n t o f the  a x is  o f ro ta t io n  of the b a lan ce  
f r o m  the s p rin g  a x is  can be up to  1 .5  t im e s  the s p r in g  p itc h .
2 . 3 . 6  T h e  ra n d o m  v a r ia t io n  in  p itc h  in  a ty p ic a l te n  tu r n  
w atch  s p rin g  is  g e n e ra lly  le s s  th an  ±  10 m ic ro n s .
2 .3 . 7  T h e  s p rin g  co ils  a r e  o c c a s io n a lly  found to  be s lig h t ly  
bunched to  one s id e  by a m a x im u m  of 15 m ic ro n s  in  a ty p ic a l  
w a tc h  s p rin g .
3 . T H E  F R E E  E N D  S P R IN G
In  the f r e e  end s p r in g , d e fin ed  above , the o u te r p o in t 
is  f re e  to  m ove  in  its  own p la n e , and hence re a c tio n  fo rc e s  
a t th a t p o in t cannot be s u s ta in e d . T h e  s p rin g  is  s u b jec t on ly  
to  a p u re  bending m o m e n t, and i f  the v a r ia b le  s re p re s e n ts  
the a rc  len g th  f r o m  the in n e r  p o in t of the s p rin g  and (p is the  
change in  tan g en t a t s a f te r  d e fle c tio n , then:
ds^
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w hen  Youngs m odu lus  and second m o m e n t of a r e a  of the s p rin g  
c ro ss  s ec tio n  is  in v a r ie n t  w ith  s . T h a t is ,  the s p rin g  is  
su b jec t to  a  co n stan t change in  c u rv a tu re .
Th e  s p rin g  can be c o n s id e re d  to  be d e fle c te d  in  e ith e r  
of the tw o  fo llo w in g  w ays : -
(a ) T h e  in n e r  end tan g en t is  ro ta te d  th ro u g h  the  
w in d  an g le  Y » the o u te r end tan g en t re m a in in g  
f ix e d  (f ig . ( 3 .1 .  a ) ) .
(b ) T h e  o u te r end tan g en t is  ro ta te d  th ro u g h  Y , 
the in n e r  tan g en t b e in g  f ix e d  (f ig . (3 . l . b .  ) ) .
I f  the to ta l len g th  of the s p rin g  is Sj^, and Y is  p o s itiv e  
w hen  m e a s u re d  a n tic lo c k w is e , w hen s in c re a s e s  in  an  
a n tic lo c k w is e  d ire c t io n , the so lu tions  of eq u atio n  (3 .1*) fo r  
the tw o cases a re  re s p e c t iv e ly : -
^  = -  i f  + Y   ----------_ 3 . Z
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T h a t is ,  the shape of the s p rin g  is tra n s fo rm e d  by the  
in tro d u c tio n  of a co n stan t change in  c u rv a tu re  of v a lu e  /s j^  
a t e v e ry  p o in t on the s p rin g .
O w ing  to  the d if fe re n t  m ethods of a p p ly in g  the d e fle c tio n ,
Y in  eq u atio n  ( 3 .2 )  is  p o s itiv e  fo r  an u n w ind ing  s p r in g , and in  
equation  (3 .3 )  is p o s itiv e  w hen w in d in g  up . F o r  the f i r s t  p o rtio n  
of th is  a n a ly s is  i t  is  m o re  co n ven ien t to  use e q u atio n  (3 . 3 ). A s  
po in ted  out by G o u d sm it and W ang (8 ) ,w ho d e r iv e d  eq u atio n  (3 .2 ) ,  
these e x p re s s io n s  a re  in d ependent of the s p rin g  shape and can be 
used in  the a n a ly s is  o f, fo r  e x a m p le , the f ic t it io u s  h e l ic a l  s p r in g ,  
o r  the s p ir a l .
3 .1  The  B a s ic  F r e e  E n d  S p rin g
In i t ia l ly  the d is c u s s io n  is l im ite d  to  the b a s ic  f r e e  end  
in v o lu te  s p rin g , th a t is  to  say , the f r e e  end  s p rin g  in  the fo r m  
of a p e r fe c t  c ir c u la r  in v o lu te  w h ic h  has no c o lle t and extends out 
up to  t h i r ty  tu r n s .
T h e  v a r ia b le  s in  equations ( 3 .2 )  and (3 .3 )  can th en  be 
e x p re s s e d  as : -
s = -| a
w h e re  ® is d e fin e d  as the tan g en t to  the s p ir a l  o r the an g le  
sw ept out by the base c ir c le  v e c to r  shown in  F ig .  (3 . 2 ) . H ence  
the d e fle c te d  tan g en t Î  f  a t s of the f r e e  end s p r in g , is  g iv e n  f r o m  
eq u atio n  ( 3 .3 )  b y : -
CIRCULAR
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w h e re  K  - aX
T h e  c o -o rd in a te s  x  and y  of the d e fle c te d  s p rin g  a re  then  
g iv en  b y :-
]%6'X = a + J cos (6 + —r - )  ds
J s in  (6 +  ds
. 5
A c c u ra te  and s im p le  a p p ro x im a tio n s  to the  d e fle c tio n  a t  
any p o in t on the s p rin g  a re  d if f ic u lt  to  o b ta in  f r o m  the d ir e c t  
a p p ro ac h  ab o ve , w h ich  is th e re fo re  used  only  fo r  n u m e r ic a l  
e v a lu a tio n  on a c o m p u te r . F o r  the d e r iv a t io n  of a n a ly t ic  
e x p re s s io n s  an a lte rn a t iv e  a p p ro ac h  is  e vo lv e d  u s in g  the  
p a ra m e te rs  E  and b . E  is  d e fin e d  as th a t len g th  of the n o rm a l  
to  the d e fle c te d  s p rin g  th a t in te rs e c ts  n o r m a lly  w ith  the ra d iu s  
v e c to r  b f ro m  the o r ig in . T h e  ra d iu s  b is  in c lin e d  a t  the ta n g e n t 
ang le  to  the s p rin g  a t s , and is  shown in  F ig .  ( 3 .3 ) .  E  and b 
a re  analogous to  the ra d iu s  'a* and n o rm a l hO ’ on the  
u n d e fle c ted  s p ir a l  in  F ig .  (3 . 2 ).
I t  is  shown in  A p p en d ix  I  th a t the re la t io n s h ip  b e tw ee n  E ,  
b and Ÿ i  can be e x p re s s e d  b y :-
d^E
4 ?
+ E  =
ds
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J i  + 2 K tf
, , ^  and b =
3 . 6
3)E P L E C T E D
SPlPvAL
FIG-. 3 . 3
>rr 3 .7
E x a c t so lu tio n s  fo r  equation  (3 .6 )  can be found but a re  
in c o n ve n ien t in  u s e . B y  the use of the a p p ro x im a tio n  shown in  
A p p en d ix  I ,  so lu tio n s  a c c u ra te  to  b e tte r  th an  0 .2 % , o v e r the  
d e s ire d  p a ra m e te r  ra n g e , can  be o b ta in ed  and a re  g iven  b y :-
E  = IS K ^ a  s in ^ f  + 3K a  -  cos+f^  -
+ a tf [l - I  + I  k2 <1^2 . ^
b = IS K ^ a  cos I f  +  3K a  s i n | f  -  IS a K ^
+  a [ l  -  3 K * f  + ^  K 2 | f 2  -  Y  k 3 | fS ]
T h e s e  equations c o m p le te ly  d e fin e  the d e fle c te d  s p ir a l ,  bu t can  
be e x p re s s e d  m o re  c o n ve n ie n tly  in  te rm s  of the  change in  ra d iu s  
A r a t  any p o in t,
w h e re  A r  = r^  ^ -  r^
A  p o in t P  a t d is tan ce  s f r o m  the o r ig in  of the s p ir a l  m o ves  to P' 
w hen the s p rin g  is  d e fle c te d  (f ig . ( 3 .4 ) ) .  I t  is  found th a t i f  the  
d e fle c te d  s p ir a l  is  ro ta te d  about the o f ig in  to  b r in g  the tangents  
a t  P  and p ' e q u a l, th e re  is  a s m a ll ta n g e n tia l d is p la c e m e n t.
T h is  d is p la c e m e n t is  shown in  F ig .  ( 3 .4 )  and is  d e fin e d  in  te rm s  
of the re s u lt in g  ang le   ^ b e tw een  the r a d i i  r^  ^ and r£. S ince  ô is  
ty p ic a l l ly  not g re a te r  than  the d e fle c tio n  p e rp e n d ic u la r  to  the  
ra d iu s  r^ is  g iven  to  a v e ry  good a p p ro x im a tio n  by S.x ,^ 6 and  
Ar can be e x p re s s e d ,a s  shown in  A p p e n d ix  I , a s : -
A r  = a Je2 + 1 ‘ -  J +  b^'
'tan  6 = Ô
b
E
3 . 8
 ^ -  ^ / e 0
/ /
/ /
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G iven  th a t -, 0 (1 + ), A r  and & can be e x p re s s e d  in  the
fo rm s
^  (f V i ce) '^  ^  Ti -  i5 K e  -  45K2e2i
2K  _
( i  d K 0 )3 /2  6f  ^  s in  (6 + ' ^ )
r - 3 . 9
In  th ese  exp ress io n s  Ar is  a c c u ra te  to  b e tte r  th an  0 .5 % , and  ^ to
1%, fo r  0-^ 4TT , o v e r the d e s ire d  ran g e  of s p r in g  p a r a m e te r s .
T h e se  e r r o r s  d e c re a s e  ra p id ly  as 0 in c re a s e s . T h e  r e la t iv e ly
h ig h  a c c u ra c y  shown by equations (3 . 9) is re q u ire d  in  the s e c tio n
on the fix e d  end s p rin g , w h e re  the e x p re s s io n s  a re  in s e r te d  in  a
n u m e r ic a l a n a ly s is  in  p lace  of e x a c t v a lu e s . H o w e v e r , in  a l l
p r a c t ic a l  cases the  fo llo w in g  a p p ro x im a tio n s  a re  adequate
Z
A r  =
a K 0  
1 + K 6
3 .1 0
& = -  __2K ____
(1 + K 0 )^ /2
T h e  f i r s t  e x p re s s io n  in  eq u atio n  (3 .1 0 )  is  a c c u ra te  to  b e tte r  
th an  2%, and the la t te r  to  10% fo r  6 -  , o v e r  the d e s ire d
ra n g e  of s p rin g  p a ra m e te rs .  A  c o m p a ris o n  of the a p p ro x im a te  
v a lu e s  g iv e n  b y  equations (3 . 9) and (3 .1 0 )  w ith  e x a c t v a lu e s  is  
shown in  F ig s .  (3 . 5) and ( 3 .6 ) .
In  a p r a c t ic a l  a r ra n g e m e n t i t  is  im p o s s ib le  to  a tta c h  the  
s p rin g  to  the b a lan ce  s ta ff  a t  the  base c ir c le  ra d iu s . H en ce  a. 
c o lle t ,  o f c o n s id e ra b le  d ia m e te r  w ith  re s p e c t to  the p itc h  of the  
s p rin g , m u s t be in tro d u c e d  a t the c e n tre .
to
LO
In
3 . 2 T h e  In tro d u c tio n  of a C o lle t  in to  the B a s ic  In v o lu te  S p ira l
C o n s id e rin g  the b a s ic  u n d e fle c te d  s p rin g  in  f ig .  ( 3 .7 ) ,  
w h e re  the s p rin g  is  ro ta te d  about the o r ig in  to  b r in g  the end  
p o in t A  onto the x ’ a x is . I t  is re q u ire d  to  in s e r t  a c o lle t  of 
ra d iu s  r ^ .  T h e n  0q , the a n g u la r  c o -o rd in a te  o f B , is  g iv en , 
f r o m  in v o lu te  th e o ry , b y :-
= P o , f  - ^
T he len g h t o f the s p rin g  f r o m  the o r ig in  to  B is s^ , and  
f r o m  the o r ig in  to  A  is  s . T h e  a n g u la r  c o -o rd in a te  o f A  is  
6 .T h e  ta n g e n t a t any p o in t on the u n d e fle c te d  s p ir a l  of
j-i
f ig .  ( 3 .7 )  is  (0 -  § ) , w h e re  § is  a co n stan t, depen ding  upon the
ro ta t io n  re q u ire d  to b r in g  A  onto the x ' a x is . A n  e x p re s s io n
fo r  § is  d e r iv e d  in  A p p e n d ix  I  in  eq u atio n  ( I .  8 ) . D e f le c t in g  the
b a s ic  f r e e  end s p r in g , m o ves  p o in t B to  B ‘ and A  to  A '
( f ig . ( 3 .8 ) ) .  T o  in s e r t  a c o lle t  a t B the tangents  a t  th a t p o in t
■«
m u s t be eq u a l b e fo re  and a f te r  d e fle c tio n , and it is co n seq u en tly  
n e c e s s a ry  to ro ta te  the d e fle c te d  s p rin g  about the o r ig in  u n t i l  
th is  co n d itio n  a p p lie s . A t  B ' the tan g en t is  g iv e n , f r o m
eq u atio n  ( 3 .4 ) ,  b y : -
^ fo =  («0  -  ^ ^
KQnT h e re fo re  the d e fle c te d  s p rin g  is ro ta te d  th ro u g h  ^ to  b r in g  
B ' to  B "  and A ' to  A ” . B "  and B a re  n o t c o in c id e n t and  
hence the d e fle c te d  s p rin g  is m o ved  b o d ily  a d is ta n c e  A r^  
r a d ia l ly  a long  O B " and p e rp e n d ic u la r  to  O B " . T h e
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to ta l  w ind ang le  *Y w ith  the  co lle t,  is  now g iven  b y :-
2
Y =
2
K gs ^ K L
2 a
K  =
L, 3 .1 1
w h e re  L  is  the len g th  of the s p rin g  f r o m  A  to B .
A d o p tin g  the co n ven tio n  th a t ^ r is  p o s itiv e  w hen  
m e a s u re d  to w ard s  the c e n tre  of the s p rin g , and 6 is  p o s itiv e  
w hen c lo ck w is e  f r o m  the u n d e fle c te d  s p ira l  ra d iu s ,-  the to ta l  
d e fle c tio n s  a t A "  a lo n g  the x  y  axes of f ig .  (3 . 8) a re ;
-  A r^  cos -Y ) +  S ^ffo  s in  ( ^  -  V )
A Y i = ^ L ^ fL , -A ^ o  s in  (o ' -  y  ) -  & o ifo  cos ( c  -  Y )
 3 .1 2
w h e re  Ar^^, ^nd A r^ , a re  the v a lu e s  of A r  and & a t  
6 = s.nd 6 = 0Q re s p e c t iv e ly .
T h e  te rm s  A x^ and Ay^ a r e  the " in t r in s ic "  f r e e  end  
d e fle c tio n s  of the s p rin g , and in  te rm s  of the b a s ic  p a ra m e te rs  
of the s p rin g  can be shown to red u ce  to : -
' 2aY 
^ ^ i ~ ( l  - v 2  + l Y )  
0 L
1 - v ^  ( l  +
2y_
0 L  (1 + v ). cos (cr -  Y )
+ 1 ^  s in  r  -  Y )
A  V ;
2ay
y i ~ ( l  - v 2  +
i ï . s in  ( o' -  Y ) ,3.13
2 v
cos ( O' ~ Y )
w h e re  c* , the  c o l le t  an g le  is  show n in f ig .  (3 .7 )  and  v -
T h e s e  e x p re s s io n s  a re  a c c u ra te  to  b e tte r  than  2% o v e r the  
d e s ire d  p a ra rh e te r  ra n g e , and in  a p e r fe c t ly  fo rm e d  and  
m o u n ted  s p rin g  co n stitu te  the on ly  f r e e  end d e fle c tio n s .
I t  is  shown in  the succeed ing  sections th a t the re a c t io n  
fo rc e s  su sta in ed  a t the o u te r end p o in t, w hen the s p rin g  is  in  
the f ix e d  end m o d e , a re  l in e a r ly  dependant upon the f r e e  end  
d e fle c tio n s . T h e  n o n - l in e a r  to rq u e  c h a r a c te r is t ic  o f the  
f ix e d  end s p rin g  is  s ta ted  in  te rm s  of these end p o in t re a c t io n  
fo rc e s , and th e re fo re  the v a lu e  of these  fo rc e s  is a m e a s u re  
of the s p rin g  n o n - l in e a r i ty .  T h u s , the n o n - l in e a r i ty  due to  
the s p rin g , of the b a lan ce  and s p rin g  o s c i l la to r ,  can be 
e x p re s s e d  in  te rm s  of the f r e e  end d e fle c tio n s , and the  
re s u lt in g  change in  the p e r io d  of o s c illa t io n  d e te rm in e d  a ls o  
in  te rm s  of the f r e e  end d e fle c tio n s . T h e r e fo r e ,  g iv e n  the  
in t r in s ic  f r e e  end d e fle c tio n  e x p re s s io n s  of e q u atio n  (3 .1 3 )  the  
" in t r in s ic "  change in  p e r io d  of the o s c il la to r  can be d e te rm in e d  
and the p a ra m e te rs  of the s p rin g  s e le c te d  to  m in im is e  th is  
p e r io d  change o v er a re q u ire d  ran g e  of o s c il la to r  a m p litu d e .  
T h a t is ,  the o s c il la to r  can be d es ig n ed  fo r  a g iv en  d e g re e  of 
is o c h ro n is m . H o w e v e r , in  any p r a c t ic a l  s y s te m  fu r t h e r  f r e e  
end d e fle c tio n s , and hence is o c h ro n a l e r r o r s ,  a re  in tro d u c e d  
by changes in  the g e o m e try  o f the s p rin g  and by e r r o r s  
in tro d u c e d  d u rin g  its  m o u n tin g  and a s s e m b ly . T h e  a d d it io n a l
is o c h ro n a l e r r o r s  can be la rg e  and u n d e r a d v e rs e  conditions  
c o m p le te ly  sw am p  the in t r in s ic  e r r o r s .  The  a d d itio n a l f re e  
end d e fle c tio n s  a re  c o n s id e re d  u n d er the fo llo w in g  head ings:
(a ) M o d if ic a t io n  of the s p rin g  shape to ease m a n u fa c tu re .
(b) E r r o r s  in tro d u c e d  d u rin g  m o u n tin g  and a s s e m b ly  of 
the s p r in g .
(c ) E r r o r s  in  the s p rin g  g e o m e try  in tro d u c e d  d u r in g  
m a n u fa c tu re .
(d) C hanges of the  s p rin g  m a te r ia l  c ro ss  sec tio n  g e o m e try  
w ith  le n g th .
T h e  m eth o d  of a n a ly s is  used in  the p re v io u s  sec tio n s  
p ro v id e s  s im p le  a p p ro x im a te  e x p re s s io n s  fo r  the in t r in s ic  
f r e e  end d e fle c tio n s  to the re q u ire d  d e g re e  of a c c u ra c y . T h e  
m eth o d  a ls o  p ro v id e s  a v e r y  c le a r  p h y s ic a l p ic tu re  o f the  
p ro c es s es  in v o lv e d . Thus the in flu e n ce  of the s iz e  and  
o r ie n ta t io n  o f the c o lle t ,  and the e ffe c t of the n u m b e r of 
tu rn s , can e a s ily  be seen as the a n a ly s is  p ro c e e d s . H o w e v e r ,  
fo r  the  in v e s tig a tio n  of d is to r t io n  of the s p rin g  the G o u d s m it  
and W ang fo rm u la e  (8 ), w ith  e x te n s io n s , a r e  m o re  
co n ven ien t, s in ce  the h ig h  a c c u ra c y  of the p re v io u s  sec tio n s  
is  no t re q u ire d . T h ese  fo rm u la e  a re  d e r iv e d  in  A p p e n d ix  I  
and s ta ted  b e lo w .
Ax = -  ^x (s ') ,  s in  0  +  y  (s ') i  cos 0  ^  d s '
y
6 y  = -  ^  ^  (s ') i  cos ^ d s '
^ 3 .1 4
w h e re  s' is  the len g th  of the s p rin g  fro m  the c o lle t out to  any  
p o in t on the s p r in g . y (s ‘ )  ^ and x  (s ')^  a re  the c o -o rd in a te s  in
te rm s  of s ' of the u n d e fle c te d  s p ira l ,  and Ax and Ay a re  the
fre e  end d e fle c tio n s  a t the s p r in g 's  o u te r end.
T he  a d d itio n a l f re e  end d e fle c tio n s  due to  e r r o r s  and  
m o d if ic a t io n  of the s p rin g  a re  a n a ly s e d  b e lo w  and a re  
t re a te d  in d iv id u a lly , s in ce  the d e fle c tio n s  a re  s u ff ic ie n t ly  
s m a ll in  an y  p r a c t ic a l  s y s te m  to enab le  any c ro ss  p ro d u c t  
te rm s  f r o m  equations (3 .1 4 )  to be n e g le c te d .
3 .3  M o d if ic a tio n  of the B a s ic  S p rin g  Shape to ease M a n u fa c tu re
and A s s e m b ly    - • _____
3 . 3 . 1  T h e  C ra n k e d  O u te r  End T e r m in a l
A lth o u g h  te rm in a ls  of the c o r re c t in g  type  such as those  
of B re g u e t o r P h il l ip s  a re  n o t used in  m ass  p ro d u ced  
t im e p ie c e s , a te r m in a l  of the type shown in  f ig .  (3 . 9) is  o ften  
added . T h is  te r m in a l  is  in ten d ed  to  fa c i l i t ia te  a tta c h m e n t to  
the  o u te r  stud o r the in s e r t io n  of a re g u la to r  (s e c tio n  3 . 4 . 3 ) ,  
and in tro d u c e s  an is o c h ro n a l e r r o r .  The  a n g u la r  le n g th  O 
of the te r m in a l  is  a ssu m ed  to  be less  th an  9 0 ° , and the  
v a lu e  of m  v a r ie s  f ro m  6 to  3 0 . I t  is  shown in  A p p e n d ix  I  
th a t the to ta l f re e  end d e fle c tio n s  a t C in  f ig .  (3 . 9) a r e ,  fo r  
an unw ind ing  s p rin g , g iv en  a p p ro x im a te ly  b y : -
CIRCULAR A K C
LENGTH -£
U U D E F L E C T E D  FREE END 
SPUING
A X, 2Y
0 L
i  cos (q-' -h/ ) +
0 L
AY^ = c -  K Y -
s in  (cr’ 4 Y )
2aY
y  f l  - v ^  -  ^ ]
2 cos U
0
- \r2  A -
L
»sin (r  ^ +Y ) 3 .1 5
L .
0 L
cos (cr' +Y )
w h e re  = 4 am
0 L  ( i  -v^) 7 ; ^ + ( l + ^ + é - )  s i n «  ( 1 . ^ ) m
and K -  -4 am
y  ~ ®L (1
T h e re fo re  i f  v ^ ^ O . l  and 8 2 , is la rg e  the s p rin g  can  be
c o n s id e re d  to  be a c o m p le te  in v o lu te , w ith  the f i r s t  te rm s  of
equations (3 .1 5 )  c o r re c t in g  fo r  the te r m in a l  and the second
te rm s  be ing  the in t r in s ic  d e fle c tio n s  fo r  a s p ir a l  continuous
to  C . T h e  e x t ra  te rm s  cân be la rg e  w ith  re s p e c t to  the
in tr in s ic  d e fle c tio n  A y ..' 1
3 . 3 . 2  T h e  In n e r  C ra n k
M o s t m ass  p ro d u ced  s p rin g s  do not e m e rg e  s m o o th ly  
f r o m  the c o lle t  but a re  a tta c h ed  v ia  a d is to r te d  p o rt io n  of the  
s p rin g  as shown in  f ig .  ( 3 .1 0 ) .  F o r  the pu rp o ses  of a n a ly s is  
i t  is  assu m ed  th a t the c ra n k  is  s tra ig h t  and e m e rg e s  r a d ia l ly  
f r o m  the c o lle t , m e e tin g  the in v o lu te  a t a p o in t. The  len g th  
of the c ra n k  E  F  (f ig . (3 .1 1 ) )  is ta k e n  as n a , w h e re  n is  a 
co n stan t. Thus f r o m  e q u atio n  (3 .1 4 )  the f r e e  end d e fle c tio n s
I N N E R  C R A N K
C O L L E T
INNER CRANK.
C o l l e t
UWîiCFLEC—E2> SPNNG-
F\G. 3 .  W.
of the co m p le te  s p rin g  a t C a re  g iven  fo r  an  u n w ind ing  
s p rin g  b y :-
2aY (i -
A x  = —  -----------or ~ ( l  - v 2 )  s in  (0-+Y) + A x j
+ +A y.
>' 3 .1 6
= e „ ( l - v 2 )
vd iereA x^ and Ay^ a r e  the in t r in s ic  f r e e  end d e fle c tio n s  of a 
s p rin g  of c o lle t ra d iu s  r^  and len g th  L ,  (f ig . ( 3 .1 1 ) ) .  T h e  f i r s t  
te rm s  of eq u atio n  (3 .1 6 )  a re  the f r e e  end d e fle c tio n s  a t C due 
to  the in n e r  c ra n k  and a re  d e s ig n a te d  and ^y^^. T h e s e  
te rm s  a r e , in  the m a jo r i ty  of p r a c t ic a l  s p r in g s , v e r y  s m a ll  
v /ith  re s p e c t to  the in t r in s ic  d e fle c tio n s .
3 .4  E r r o r s  In tro d u c e d  D u r in g  the M o u n tin g  and A s s e m b ly  of the  
S p rin g        '
3 .4 . 1  E c c e n tr ic  P in n in g  of the C o lle t
D is p la c e m e n t of the c e n tre  o f the s p rin g  f r o m  the a x is  
of ro ta t io n  of the b a lan ce  is  an  e x t r e m e ly  co m m on fa u lt ,  and  
is  i l lu s tr a te d  in  f ig .  ( 3 .1 2 ) .  The  e c c e n tr ic ity  e can in  the  
w o rs t  cases be c o m p a ra b le  w ith  the p itc h  of the s p ir a l ,  and  
to fa c il i ta te  c o m p a ris o n  w ith  the in t r in s ic  d e fle c tio n s , e is  
re p la c e d  b y A a , w h e re  A is  a co n stan t. H ence  f r o m  f ig .  (3 ,1 2 )  
w hen the s p rin g  is  wound up the f r e e  end d e fle c tio n s  of A  due 
to  a  A and  ^ a r e : -
= -  aX l^cos ( e - y )  -  cos e j
i» 3 . 1 7
= ax j^sin ( e - y )  -  s in  eJ
C o l l e t . r a :d iu 5
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Thus fo r  a s p rin g  w ith  a ty p ic a l c o lle t  s iz e , can be
c o n s id e ra b ly  la r g e r  th an  the in t r in s ic  Ay^, w hen ^ is  g re a te r  
than  u n ity .
3 .4 . 2  E la s t ic i t y  of the O u te r E n d  A n c h o r
T h e  o u te r end a n ch o r of the  s p rin g  is s u b je c t to  the
s p rin g  bend ing  m o m e n t, and i f  e la s t ic  w i l l  a llo w  the tan g en t
' . ^
a t the end to  v a r y  by an  a m o u n t  ^ g iv en  by
E
 — ---------3 .1 8
w h e re  k  is  the a n c h o r s tiffn e s s  and the d e fle c tio n  is  ass u m e d  
l in e a r .  T h is  te r m  sum s w ith  the in t r in s ic  6 , and u s in g  the -i-j
p re v io u s ly  e s ta b lis h e d  s ign  convention  the f r e e  end d e fle c tio n s  
Edue to  a re
( l - g j
>--------------------— 3 .1 9
G e n e ra lly  k  is  v e r y  s m a ll  and A x ^  can be n e g le c te d .
3 . 4 . 3 In flu e n c e  of the R e g u la to r
Id e a lly  the cu rb  p ins of the re g u la to r  a re  m a c h in e d  to  
the constan t ra d iu s  im p o s ed  on the end p o rtio n  of s p r in g , and  
c la m p e d  r ig id ly  a c ro s s  the s p rin g  s e c tio n . T h e  c la m p  is  
re le a s e d  fo r  a d ju s tm e n t. T h e s e  c u rb  pins a re  e xp e n s ive  and  
hence in  m a ss  p ro d u ced  c lo cks  and w atches  the p ins u s u a lly  
ta k e  one of the a lte rn a t iv e  fo rm s  shown in  f ig .  ( 3 .1 3 ) .
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In  f ig .  (3 .1 3 )  (a ) and (b) the pins a re  e ith e r  c la m p e d  o r a good 
f i t  on the s p rin g  s ec tio n ,a n d  a lthough  the s p rin g  len g th  is  
e f fe c t iv e ly  a lte re d  the p o rtio n  A  B can m ove in  the m a n n e r  
show n. F ig .  (3 . 1 3 ) (c) shows the co m m on c o n d itio n  of w id e ly  
spaced  p ins w h e re  the s p rin g  w o rk s  w ith  its  fu l l  len g th  fo r  a 
p o rtio n  of its  cyc le  and w ith  a re d u ce d  len g th  fo r  the ^
r e m a in d e r .  The c o m p le te  a n a ly s is  of th is  c o n d itio n  is  ^
e x t re m e ly  co m p lex  and is  no t a tte m p te d  in  th is  th e s is * .  
H o w e v e r , the a n a ly s is  of the c la m p e d  o r s lid in g  f i t  cu rb  pins  
is  fe a s ib le  and is  shown b e lo w :-
T h e  ro ta t io n  of the p o r t io n  A  B a t  B in  f ig .  (3 .1 4 )  
u n d e r a m o m e n t M  is  found (a s su m in g  no r e la t iv e  m o v e m e n t  
b e tw een  s p rin g  and p in s ) f r o m  the p r in c ip le  o f le a s t  w o rk  to  
be g iven  a p p ro x im a te ly  b y : -
6 ^  _ X K -M  & (^  -  s in  2 V ) -  2 (1 -  cosv)^3
E l V s in  2V
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B u t fo r  the s p ir a l  ~
E l  E
T h u s , a ss u m in g  th a t the fo rm a t io n  of a c ir c u la r  a r c  on a  
p o rtio n  of the s p rin g 's  o u te r  tu rn  has a n e g lig ib le  e ffe c t  upon  
the f r e e  end d e fle c tio n s  a t  the o u te r end, the  p o r t io n  A  B o f 
the s p rin g  is c o n s id e re d  as an e la s t ic  a n ch o r w h e re  k  is g iven  
b y :-
*  A  l im ite d  th e o re t ic a l in v e s tig a tio n  of the p ro b le m  of w id e ly  
spaced c u rb  pins has been conducted by the a u th o r in  an  
u n p u b lish ed  p a p e r .
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T h e  f r e e  end d e fle c tio n s  a re  then  g iven  by eq u atio n  (3 .1 9 )»
3 .5  E r r o r s  in  the S p rin g  G e o m e try  In tro d u c e d  D u r in g  M a n u fa c tu re  
T h e  m o s t fre q u e n tly  o c c u rr in g  e r r o r s  in  th is  c a te g o ry  
a re  a n a ly s e d  b e lo w :-  '
3 .5 .  i  R an d o m  V a r ia t io n  of the S p ira ls  P itc h
T h e  p itc h  of a s p rin g  is  c o m m o n ly  o b s erv e d  to  v a r y  in  
an  a p p a re n tly  ra n d o m  m a n n e r . T h is  v a r ia t io n  is  s lo w  w ith  
no d is c o n tin u it ie s  o r ra p id  g ra d ie n t chang es, and is  p ro b a b ly  
due to  the in c lu s io n  of dust p a r t ic le s  b e tw een  the tu rn s  w hen  
w in d in g . T h e  to le ra n c e s  on the th ic kn es s  o r  d ia m e te r  o f the  
s p rin g  m a t e r ia l  is  s u ff ic ie n t ly  s m a ll  to  exc lu d e  i t  as a m a jo r  
fa c to r .
T o  o b ta in  an  e s t im a te  of the o rd e r  of m a g n itu d e  of th is  
e ffe c t ,  w ith  re s p e c t to A x and Ay, a p itc h  v a r ia t io n  is a s s u m e d , 
dependent on the v a r ia b le  s ',  and in s e r te d  in  equations  (3 .1 4 )  
f r o m  w h ich  i t  is  shown in  A p p en d ix  I  th a t the e ffe c t  is  
n e g lig ib le .
3 . 5 .2  'B u n ch ed ' D is to r t io n
T h is  fo r m  of d is to r t io n  is  show n in  f ig .  (3 .1 5 )  and is  
co m m on in  c o m m e r c ia l ly  p ro d u ced  s p r in g s . I t  s cause is  
unknow n but m a y  be due to u n even  w in d in g  p re s s u re s  o r  
u neven  s e ttin g  te m p e ra tu re s  d u rin g  m a n u fa c tu re . A n
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a p p ro x im a te  a n a ly s is  of the f r e e  end d e fle c tio n s  due to th is  
d is to r t io n  is  g iv en  in  A p p en d ix  I .  I t  is  shown th a t w ith  the  
a ss u m e d  fo r m  of the s p rin g  the m a x im u m  o rd e r  o f the  
a d d itio n a l f r e e  end d e fle c tio n s  is  ±  1 .2 s  on both x  and y  a x e s .
3 .6  Changes of the S p rin g  M a t e r ia l  C ro s s  S ec tio n  G e o m e try  w ith
L e n g th  ■ _________
T h e  in flu e n c e  of changes in  the s p rin g  c ro s s  s e c tio n  a r e  
a p p a re n t in  changes in  the second m o m e n t of a r e a .
I f  the s p rin g  is  o f c ir c u la r  c ro ss  s ec tio n  m a t e r ia l ,  the  ' 
only  change p o s s ib le  in  the second m o m e n t of a r e a  is  due to  
v a r ia t io n s  in  the d ia m e te r  o f the w ir e .  T h is  v a r ia t io n  is  h e ld  
c o m m e rc ia l ly  to les s  th an  ± 1  m ic ro n  and is  co n seq u en tly  
n e g lig ib le . H o w e v e r , i f  the  m a t e r ia l  used  is  f la t  s t r ip  th e re  
a re  s e v e ra l  v a r ia t io n s  th a t can o c c u r, even  though v a r ia t io n s  
in  w id th  and th ic kn es s  a re  n e g lig ib le . T h ese  a d d itio n a l e ffe c ts  
a re  c o n s id e re d  b e lo w .
3 .6 .1  P e rm a n e n t A n t ic la s t ic  C u rv a tu re  of the  S p rin g  C ro s s  S ec tio n
I t  is  found th a t w hen the f la t  s t r ip  s p rin g  is  w ound in  its  
box the c ro ss  s ec tio n  ta k es  up, and re ta in s  a f te r  h e a t 
t r e a tm e n t ,  the shape shown in  f ig .  ( 3 .1 6 ) .  T h e  ra d iu s  of
c u rv a tu re  of the d e fo rm e d  sec tio n  is found to  be g iv e n  by  m r ,
1 *
w h e re  —  is  P o isso n s  ra tio .. I t  çan be shown u s in g  eq u a tio n  
m
(3 .1 4 )  and the v a lu e s  of (p and d e r iv e d  fo r  v a r ia t io n s  in  
cro ss  s ec tio n  in  A p p en d ix  I ,  th a t the e ffe c t  of th is  c u rv a tu re  
on the  f r e e  end d e fle c tio n s  fo r  a p r a c t ic a l  s p r in g  is  n e g lig ib le .

T h e  n e c e s s a ry  n u m e r ic a l in te g ra t io n  is p e r fo rm e d  u s in g  a 
d ig ita l  c o m p u te r . T h e  a d d it io n a l a n t ic la s t ic  c u rv a tu re  se t  
up w hen  the s p rin g  is  d e fle c te d  is  c o n s id e ra b ly  s m a lle r  th an  
the p e rm a n e n t ty p e , and is  a ls o  n e g lig ib le .
3 .6 . 2  T i l t  of a P o r t io n  of the S p rin g  out of its  N o rm a l P la n e
I f  the p lane of the s p rin g  is not p e rp e n d ic u la r  to  the  
a p p lie d  m o m e n t v e c to r  th en , w ith  f la t  s t r ip  m a t e r ia l ,  the  
second m o m e n t of a r e a  of the c ro ss  s ec tio n  w i l l  v a r y  w ith  
le n g th . T h is  v a r ia t io n  can be c o m p lex  i f  the p lane  of the  
s p rin g  is  no lo n g e r  f la t .  V a r io u s  s im p le  d is to r tio n s  of the  
plane  th a t c o m m o n ly  a r is e  a re  shown in  f ig .  ( 3 .1 7 ) .  A n  
a n a ly s is  of the s im p le s t d is to r t io n , shown in  f ig .  (3 .1 7 )  (a ), 
shows th a t the e ffe c t on A y can be c o n s id e ra b le . T h e  re s u lts  
of th is  a n a ly s is  fo r  a ty p ic a l s p rin g  and v a r io u s  d e g re e s  of 
d is to r t io n  is  i l lu s t r a te d  in  f ig .  ( 3 .1 8 ) .  T h e  in te g ra t io n  of 
eq u atio n  (3 .1 4 )  is  p e r fo rm e d  us ing  a d ig ita l c o m p u te r .
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4 . F R E E  E N D  S P R IN G  E X P E R IM E N T A L
P R O G R A M M E  _______ _
4 - 1 E x p e r im e n ta l  A p p a ra tu s
Th e  o rd e r  of m a g n itu d e  of the in t r in s ic  f r e e  end  
d e fle c tio n s  fo r  a ty p ic a l c lo c k  s p rin g  a t ±  1 8 0 °  w in d  ang le  is  
300 m ic ro n s  fo r  and 30 m ic ro n s  fo r  Ay^ .^ T h u s , to  m a ke
rJ-
adequ ate  m e a s u re m e n ts  o f the  d e fle c tio n s , la rg e  sca le  
sp rin g s  a re  u sed . The  in c re a s e  in  s ca le  o v e r the c lo c k  s p rin g  
is  l im ite d  to a fa c to r  o f about f iv e  to  p re v e n t e x c e s s iv e  sagg ing  
of the s p rin g  u n d e r its  own w e ig h t.
T h e  e x p e r im e n ta l a p p ara tu s  is based  on a p ro p o s a l by  
B ouasse (12 ) and is shown s c h e m a tic a lly  in  f ig .  ( 4 .1 ) .  T h e  
s p rin g  w ith  its  c o lle t  is  m o u n ted  on the b a lan ce  s ta ff ,  and the  
o u te r end r ig id ly  a tta c h ed  to  the v e r t ic a l  le v e r .  T h e  b a lan c e  
s ta ff  is  su p p o rted  by v e r y  lo w  f r ic t io n  b a ll  ra c e s  so th a t the  
s p rin g  m a y  f r e e ly  take  up its  u n s tre s s e d  p o s itio n . T h e  
b a lan ce  i t s e l f  is  g ra d u a ted  in  1 5 °  steps and a m ean s  of lo c k in g  
i t  a t any d e s ire d  p o s itio n  is p ro v id e d . The  g im b a l p iv o ts  a re  
of c o n ic a l fo r m  and have e x t r e m e ly  lo w  v a lu e s  of s ta tic  
f r ic t io n .  A  co u n te r w e ig h t is  re q u ire d  to  b a lan ce  the  le v e r ,  
and p ro v is io n  is  m ad e  to  le v e l  the co m p le te  d e v ic e  and to  
a d ju s t the  le v e r  u n t i l  v e r t ic a l .  T h e  le v e r  is  a th in  w a lle d  
s te e l tu b e , to g ive  lig h t w e ig h t w ith  re a s o n a b le  s tiffn e s s  in  
bending and to rs io n , and is  of such a len g th  as to  subtend  
les s  than  i ° t o  the v e r t ic a l  w hen  the s p rin g  is  fu l ly  d e fle c te d . 
T h a t is ,  the s p rin g  cannot be t i l te d  out o f its  r e s t  p lan e  by
^ROS5 \A/t A.ES
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m o re  th an  ±  1 . M a g n if ic a t io n  r a t io  be tw een  the d e fle c tio n  
a t the s p rin g  o u te r  a n ch o r and th a t a t the c ro ss  w ire s  is  
a p p ro x im a te ly  u n ity . A  C a m b rid g e  t r a v e l l in g  m ic ro s c o p e  
is  m o u n ted  above th e  c ro ss  w ire s  such th a t i t  can be m o v ed  
alo n g  the X a x is  to  m e a s u re  the A x  d e fle c tio n . Ay is d e te rm in e d  
w ith  a c a lib ra te d  g ra t ic u le  in  the m ic ro s c o p e  e y e p ie c e . 
P ro v is io n  is  m ad e  fo r  the m u tu a l a lig n m e n t o f the x  a x is , the  
g im b a l a x is  A  A , and the  a x is  p ass in g  th ro u g h  the b a lan c e  s ta ff  
c e n tre  to  the sp rin g s  o u te r end. The  c o m p le te  d e v ic e  w ith  a  
m ounted  s p rin g  is shown in  f ig .  (4 . 2 ). T h e  sp rin g s  o u te r  end  
is  thus f re e  to  m o ve  in  the s p rin g s  own p lane w h ils t  the  
ta n g en t is h e ld  co n stan t.
T h e  la rg e  sca le  sp rin g s  a re  m a n u fa c tu re d  f r o m  p h o sphor  
b ro n ze  in  the m a n n e r d e s c r ib e d  in  the s e c tio n  on H o ro lo g ic a l  
H a ir s p r in g s . R ound w ir e  is used in  the e x p e r im e n ts , w ith  
the  e xc e p tio n  of s e v e ra l f la t  s t r ip  s p rin g s  used  to  i l lu s t r a te  
the  a d d it io n a l e ffe c ts  caused by its  u s e . T h e  s p rin g s  a re  
a p p ro x im a te ly  c e n tre d  by eye  onto u n d r il le d  c o lle ts  and  
s o ld e re d  in  p o s itio n . The tru e  c e n tre  is d e te rm in e d  f r o m  
m e a s u re m e n ts  on the c o ils  a c c o rd in g  to the re la t io n s h ip  
g iv en  in  f ig .  (4 . 3 ). T h is  re la t io n s h ip  is a p p ro x im a te , but 
in tro d u c e s  an e c c e n tr ic ity  e r r o r  of less  th an  ±  1 m ic r o n  in  
a ty p ic a l la rg e  s ca le  s p r in g . T h e  o u te r end is  s o ld e re d  to  
a m o u n tin g  b lo c k  w h ic h  can be a c c u ra te ly  a tta c h e d  to  the  
le v e r .
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A n  a n a ly s is  of the a c c u ra c y  of the e x p e r im e n ta l e q u ip m en t 
and m ethods is  g iv en  in  A p p en d ix  I I .
4 . 2 E x p e r im e n ta l  R e s u lts  w ith  Round W ir e  S prings
T h e  p r im e  a re a s  of in te re s t  a r e  the in t r in s ic  d e fle c tio n s ,  
the  e ffe c t of e c c e n tr ic  p in n in g , the c ra n k e d  type of o u te r  
te r m in a l ,  and c o m b in a tio n s . Thus the cond itions of the te s ts  
a re  d esigned  to g ive  a w id e  v a r ia t io n  of both the in t r in s ic  and  
in tro d u c e d  p a r a m e te r s .  P o s it iv e  v a lu e s  of Y a re  fo r  a s p rin g  
w in d in g  up.
- r
4 .2 . 1  S p rin g  (1 )
F ig s .  ( 4 .4  (a ) and (b )) i l lu s t r a te  the e x p e r im e n ta l and  
th e o re t ic a l  in t r in s ic  f re e  end d e fle c tio n s  of a ty p ic a lly  
p ro p o rtio n e d  s p r in g , a c c u ra te ly  c e n tre d . T h e  p a ra m e te rs  
of the e x p e r im e n ta l s p r in g  a r e  l is te d  in  T a b le  4 .1  and the  
th e o re t ic a l  p lo t is  c a lc u la te d  f r o m  eq u atio n  (3 .1 3 ) .  A  s m a ll  
c o r re c t io n  is  added to the th e o ry  p lo t to  a llo w  fo r  the e la s t ic  
o u te r an ch o r m e n tio n e d  in  A p p e n d ix  I I .  The  d o tted  c u rv e s  of 
f ig s . ( 4 .4  (a ) and (b )) i l lu s t r a te  the m a x im u m  o rd e r  of e r r o r  
in  the th e o ry  p lo t, e s t im a te d  f r o m  eq u atio n  ( I I .  4 ) in  
A p p e n d ix  I I .  I t  is  seen  th a t a lth o u g h  the e x p e r im e n ta l po in ts  
a re  so m ew h at b ia s e d , th e y  a re  w ith in  the e xp ec ted  o rd e r  
of a g re e m e n t.
4 . 2 . 2  S p rin g  (2)
F ig s .  (4 . 5 (a ) and (b )) show a s p rin g  of d if fe r e n t  p itc h  
to  th a t of s p r in g  (1 ) w ith  a s m a ll  c o lle t  and a s m a ll  d e g re e  of
e c c e n tr ic  p in n in g . S p rin g  d e ta ils  a re  g iven in  T a b le  4 .2 .
T h e  e c c e n tr ic ity  te rm s  c a lc u la te d  f ro m  eq u atio n  (3 .1 7 )  
c o n tr ib u te  the sam e o rd e r  of d e fle c tio n  to  the A y  te r m  as the  
in t r in s ic  d e fle c tio n s . Thus 90 m ic ro n s  .of e c c e n tr ic ity  is  
e x tr e m e ly  s ig n if ic a n t in  a s p rin g  w hose o u te r d ia m e te r  is  
s e v e ra l c e n t im e te rs , and w hose in n e r  to  o u te r ra d iu s  r a t io  
is  0 .2 8 .  T h e  in flu e n c e  of the  e c c e n tr ic ity  on the to ta l  A x  te r m  
is  c o n s id e ra b ly  s m a l le r ,  but the e ffe c t on the d e p a r tu re  f r o m  
l in e a r i ty  o f the A x  te r m  is  c o m p a ra b le  to  th a t fo r  the Ay t e r m .
4 . 2 . 3  S p rin g  (3)
W h e re  the d e g re e  of e c c e n tr ic ity  is  la r g e ,  even  w h en  the  
r a d i i  r a t io  V is  a ls o  la r g e ,  the  e c c e n tr ic  te rm s  can be s e v e r a l  
t im e s  la r g e r  th an  the in t r in s ic  A y  d e fle c tio n . T h is  type  of 
s p r in g  co n d itio n  is shown in  f ig .  (4 .6  (a ) and (b )), fo r  the  
s p rin g  p a ra m e te rs  g iv en  in  T a b le  4 . 3 . The  th e o r e t ic a l  
in t r in s ic  d e fle c tio n  c u rve s  a re  a ls o  shown fo r  c o m p a ris o n  
p u rp o s e s .
4 . 2 . 4  S p rin g  (4)
T h e  in tro d u c tio n  of a c ra n k e d  te r m in a l ,  w h e re  the  len g th  
of the c ra n k  is  s e v e ra l t im e s  la r g e r  th an  the s p r in g  p itc h , has  
a la rg e  e ffe c t on the f r e e  end d e fle c tio n s . In  the  case show n  
in  f ig s . (4 .7  (a) and (b )), w h e re  m  has the v a lu e  1 5 , the o rd e r  
of in c re a s e  in  the Ay d e fle c tio n  o v e r  the in t r in s ic  v a lu e  is  
f iv e .  T h is  is a ty p ic a lly  p ro p o rtio n e d  s p rin g  w ith  the  
p a ra m e te rs  shown in  T a b le  4 .4 .  T h e  th e o re t ic a l  p lo t is  
c a lc u la te d  f r o m  eq u atio n  (3 .1 5 ) .
4 - 2 . 5  S £ r in g j5 )
W hen the c ra n k  len g th  is c o m p a ra b le  to  the s p rin g  p itch  
the e ffe c t on the f r e e  end d e fle c tio n  is s t i l l  la r g e ,  as shown in  
f ig s .  (4. 8 (a ) and (b )), w h e re  the o rd e r  of in c re a s e  in  the A y  
d e fle c tio n  is a p p ro x im a te ly  tw o . D e ta ils  of s p r in g  (5) a re  
g iv en  in  T a b le  8 . 5 .
T h e  a g re e m e n t be tw een  the th e o r e t ic a l  and e x p e r im e n ta l  
v a lu e s  in  the above e x p e r im e n ts  is  g e n e ra lly  good, and w e l l  
w ith in  the l im its  d e te rm in e d  in  A p p e n d ix  I I .
4 . 3 E x p e r im e n ta l  R e s u lts  w ith  F la t  S tr ip  S p rin g s
T h e  e x p e r im e n ta l in v e s tig a tio n  in  th is  case is  l im ite d  
to  the in t r in s ic  f r e e  end d e fle c tio n s  to  w h ich  is  added the te rm s  
due to  the e la s t ic  o u te r  a n ch o r e ffe c t, w h ich  is  in h e re n t in  the  
a p p a ra tu s . T h e  re s u lts  fo r  th re e  c o m p a ra b ly  p ro p o rtio n e d  
sp rin g s  (N o s . (6 ), (7) and (8) a re  shown in  f ig s . (4 . 9) to  (4 .1 1 ) .  
T h e  s p rin g s  have d if fe r e n t  w id th  to  th ic kn es s  ra t io s  in  the  
ra n g e , 1 .7  to  6 . D e ta ils  of the s p rin g s  used a re  g iv e n  in  
T a b le s  4 .6  to  4 .8 .  A  c o m p a ris o n  of the e x p e r im e n ta l c u rv e s  
show the fo llo w in g  po in ts  of in te r e s t : -
(a ) T h e re  is  a w id e  d is a g re e m e n t, w hen  c o m p a re d  w ith  the  
re s u lts  fo r  the round w ir e  s p r in g , b e tw een  the th e o r e t ic a l  
p re d ic tio n s  and the e x p e r im e n ta l v a lu e s  fo r  the  in t r in s ic  
f r e e  end d e fle c tio n  A y -.
(b) T h e  o rd e r  of d is a g re e m e n t in  Ay^  ^ a p p ea rs  to  d i f fe r  
a c c o rd in g  to the w id th  to  th ic kn es s  ra t io  of the  s p rin g
m a t e r ia l .  T h is  is  v e r y  n o tic e a b le  be tw een  f ig s . (4 . 9 (a )) 
and (4 .1 0  (a )), w h e re  the a g re e m e n t is c o n s id e ra b ly  
b e tte r  w ith  the s m a lle r  w id th  to  th ickn ess  r a t io .  T h is  
im p ro v e m e n t is  not shown w hen the r a t io  changes f r o m  
3 to  6 as in  f ig s . (4 .1 0  (a )) and (4 .1 1  (a )).
(c ) The  n u m e r ic a l v a lu e  o f the d is a g re e m e n t b e tw een  the  
th e o r e t ic a l  and e x p e r im e n ta l c u rves  is s im i la r  in  both  
the A xj and Ay^ d e fle c tio n s . T h a t is , the d is a g re e m e n t  
in  the case of the Ax^ d e fle c tio n  is s m a ll.
(d) T h e  e ffe c t caus ing  the d is p a r ity  has only a s m a ll  
in flu e n c e  on the m a jo r  c y c lic  com ponents o f A y . and Ax^. 
T h a t is ,  in  g e n e ra l the peak  e x p e r im e n ta l v a lu e s  take  
p lace  n e a r  to  those w in d  ang les  g iv in g  peaks on the  
th e o re t ic a l  c u rv e s .
(e ) T h e  l in e a r  p o rtio n s  of Ax  ^ a p p ea rs  to  be u n a ffe c te d .
T h e  above points  in d ic a te  th a t a p o s s ib le  so u rce  of e r r o r  
p ro d u c in g  the d is a g re e m e n t in  th e o ry  and e x p e r im e n t is  a t i l t  
o r  d is to r t io n  of the p lane of the s p rin g  even  though c o n s id e ra b le  
e f fo r t  w as m ad e  to  e n su re  f la t  p lane e x p e r im e n ta l s p r in g s .
A  d e c re a s e  in  the s ize  of the e x p e r im e n ta l d is p a r ity  w ith  
d e c re a s in g  s t r ip  w id th  to  th ic kn es s  r a t io  is p ro b a b ly  
c o u n te ra c te d  so m ew h at by a d e c re a s e  in  the c r i t ic a l  an g le  fo r  
s p rin g  in s ta b il i ty  m e n tio n e d  in  A p p en d ix  I I .  I t  is  shown in  the  
e x p e r im e n ta l s ec tio n  on the fix e d  end s p rin g  th a t the t i l t  of 
s p rin g  p lane caused by m o v e m e n t of the v e r t ic a l  le v e r  is not 
s ig n if ic a n t.
T h e  causes of th is  T a c k  of e x p e r im e n ta l a g re e m e n t w ith  
the in t r in s ic  th e o re t ic a l va lu es  of the f re e  end d e fle c tio n s  in  
f la t  s t r ip  sp rin g s  w i l l  be the s u b jec t of a fu tu re  in v e s tig a tio n .
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‘ 5 . TP-IE F IX E D  E N D  S P R IN G
The s p rin g  o p e ra te s  in  the f ix e d  end m ode w hen used in  
c lo cks  and w a tc h e s . T h e  o u te r end p o in t is  re s tra in e d  in  
d ire c t io n  and p o s itio n  and hence re a c tio n  fo rc e s  (P , Q ) and m o m e n ts  
(M ^ ) a re  su sta in ed  a t th a t p o in t. T h e se  re a c tio n s  a re  shown in  
f ig .  ( 5 .1 )  and a re  c o n s id e re d  p o s itiv e  in  the d ire c tio n s  shown fo r  
an  u n w ind ing  s p r in g . In  s ec tio n  7 . the n o n - l in e a r  to rq u e  
d e fle c tio n  c h a ra c te r is t ic  of the s p rin g  is  shown to  be e x p re s s ib le  
in  te rm s  of the re a c tio n  fo rc e s  P  and Q . T h e re fo re  r a th e r  th an  
d ir e c t ly  p ro d u c in g  an a n a ly tic  e x p re s s io n  fo r  the n o n - l in e a r  
p o rtio n  of the r e s to r in g  to rq u e , w h ich  is  ra th e r  d i f f ic u lt  to  
m e a s u re  e x p e r im e n ta lly , e x p re s s io n s  fo r  P  and Q , in  te rm s  of 
the s p rin g  p a ra m e te rs  and the  f r e e  end d e fle c tio n s , a re  d e r iv e d .
5 .1  T h e  Change of C u rv a tu re  E q u a tio n
T h e  bending m o m e n t M  a t any p o in t T ,  le n g th  s ‘ f r o m  
the c o lle t ,  ( f ig . ( 5 .1 ) ) ,  is g iven  b y : -
M  = P y  + Q (x L  -  x )  -  M q 
T hen the change in  c u rv a tu re  a t T  is
= py  + q - x )  - m o   ------------------ 5 .1
w h e re
and E l  is  in v a r ie n t  w ith  s '.
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is  the f ix e d  end tan g en t a t  T  on the d e fle c te d  s p rin g  
and the tan g en t on the u n s tre s s e d  s p rin g . 
D if fe re n t ia t in g  eq u atio n  (5 . 1) w ith  re s p e c t to s ‘ g ives  : -
L e t
^ c c  = +  0  + Sa ———"— —— 5. 3
w h e re  (p is the change in  the u n s tre s s e d  tan g en t due to  a 
f r e e  end d e fle c tio n  and Ôq/ is  the fu r th e r  change due to  
the  im p o s it io n  of f ix e d  end c o n d itio n s . D if fe re n t ia t in g  
e q u atio n  ( 5 .3 )  tw ic e  w ith  re s p e c t to  s ’ and re a r ra n g in g  
g ives  : -
d^ ttx d^^ i _ d^ào!
ds ds ’ ds
d Z d
sin ce  - — = 0 i f  E l  is  co n stan t,
d s '^
- ,  ' * d s ^  ~ p s i n . ( t £  + ^ c x , ) - q  cos ('^£ +   5 .4
T h is  eq u atio n  a p p lie s  to  a s p rin g  of any shape and is  
e m p lo ye d  in  th is  th e s is  fo r  the a n a ly s is  o f the in v o lu te  
s p ir a l .
5 .2  D e te rm in a t io n  of the R e a c tio n  F o rc e s  on an  In v o lu te
S p ira l_______  "
E q u a tio n  (5 .4 )  can be expanded as fo llo w s  : -
= p /  s in  f  (^x cos f
2
6,vI 21 s in
-q  ,| cos -  àa s in  ^£ -  —^  cos ’£it +
A n tic ip a tin g  th a t is v e r y  s m a ll  in  the case of the  
in v o lu te , le t  be e x p re s s e d  as : -
n 5. 5
w h e re  n is  v e r y  la rg e  and w ith  the co n d itio n  th a t cyj »
d e fin e d  by the e q u a tio n :-
j  = n
ds '2
6 4k'
-  p s in  ^£ p i  (%cos £^ - -  - -
-  q cos ^£ + q > ^ s in  ^£------  T 7 ~  c o s ”5. 6
I t  is  shown in  A p p e n d ix  I I I  th a t a s u ff ic ie n t ly  good  
a p p ro x im a tio n  t o ^ i s  ob ta in ed  u s in g  on ly  the te rm s  
p s in  ^£ and q cos ^ £ on the r ig h t  hand s ide  o f e q u atio n  
( 5 .6 ) .  T h a t is
d%DCl , I
• q j r z  =  P  s m  i j f  -  q CO S  V f 5 . 7
T h e  c o -o rd in a te s  of the d e fle c te d  fix e d  end s p rin g  a re
X(x = x (o ) + J cos ( t  £ + ) ds ’
Ya ~ y (o ) + J s in  ( ^£ f  ds '
w h e re  y (o ) and x (o ) a re  the c o -o rd in a te s  a t s ‘ = c 
( f ig . ( 5 .1 ) ) .  E xp an d in g  these  equations in  te rm s  
of g ives
xd = %£ -J  s in  ^£ d s ' cos i|f£ d s ' ----------
and s im i la r ly  }?5.8
5 2
Yo(. . “  y f  ^ c o s  t  £ d s ' -  J  ' ^ r  s in t£  d s ' -----
W h e re  x£ and y£ a re  the f r e e  end c o -o rd in a te s  o f the  
s p r in g . I t  is  shown in  A p p e n d ix  I I I  th a t is  s m a ll  
enough to  en ab le  the f i r s t  tw o  te rm s  on the r ig h t  hand  
side of eq u atio n  (5 . 8) to  g ive  s u ffic ie n t a c c u ra c y . T h a t  
is  the f re e  end d e fle c tio n s  a t A  in  f ig .  ( 5 .1 )  a r e  g iven
b y :-
-  ^ fL  -  j'^  s in  h  d s '
= v.;_ _ y . .  r 6 *
•5 .9
=  R: J o  K i  COS Y f  d s
Thus in s e r t in g  the s o lu tio n  of eq u atio n  ( 5 .7 )  in to  eq u atio n  
( 5 .9 )  and in te g ra t in g , the f r e e  end d e fle c tio n s  a re  
e x p re s s e d  in  te rm s  of p and q. A lte r n a t iv e ly  and m o re  
c o n ve n ie n tly  p and q can be e x p re s s e d  in  te rm s  of the  
f r e e  end d e fle c tio n s . D e ta ils  of the a n a ly s is  and
a p p ro x im a tio n s  m ad e  a re  g iven  in A p p e n d ix  I I I  f r o m  w h ich :
p = ^ i  Ax -  X z A y  
q = A y -  ^2  A x 5 .1 0
w h e re  X
8
( 1 -K 6 l ) 3 /2  ■ '*0
and 2 =  16
3
. ,, P L  .. I -> /q + Y -  § )a - K 0 L ) 3  ' ^
a 5 _6L ^  . 4 " 2
( l - K 8 L ) 5 / 2  0
T h e  e x p re s s io n s  X j  and X^ have a s m a ll v a r ia t io n  w ith  the  
w in d  a n g le , and X 2  is c o n s id e ra b ly  s m a lle r  th an  X j . H ence  as 
shown by G o u d sm it and W ang (8 ) the re a c tio n  fo rc e s  a re  
a p p ro x im a te ly  p ro p o r t io n a l to the f r e e  end d e fle c tio n s .
A  c o m p a ris o n  of the a p p ro x im a tio n  in  eq u atio n  (5 .1 0 ) ,  
u s in g  the in t r in s ic  f r e e  end d e fle c tio n s , w ith  an e x a c t n u m e r ic a l  
so lu tio n  is shown in  F ig .  (5 .2  (a ) and (b )). T h ese  re s u lts  w e re  
o b ta ined  us in g  a d ig ita l  c o m p u te r and a re  re p re s e n ta t iv e  of a  
ty p ic a lly  p ro p o rtio n e d  w atch  s p r in g , the p a ra m e te rs  of w h ic h  
a re  d e ta ile d  in  T a b le  ( 5 .1 ) .  The  a g re e m e n t is good and in  the  
case of the r a d ia l  re a c tio n  P, w ith in  2%. D e ta ils  o f the c o m p u te r  
p ro g ra m m e  is g iv en  in  A p p e n d ix  I I I .
The  e ffe c ts  on the f ix e d  end s p rin g  of the v a r io u s  'e r r o r s  
and m o d ific a tio n s  in  s p rin g  c o n s tru c tio n  and a s s e m b ly ,  
d iscu ssed  in  the f r e e  end s ec tio n , a re  d e ta ile d  b e lo w : -
T A B L E  5 .1
S P R IN G  P A R A M E T E R V A L U E
a 0 . 0 7 9 5 7 7  m .m /R a d ia n
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5 .3  M o d if ic a tio n  of the S p rin g  Shape to E a s e  M a n u fa c tu re  and 
A s s e m b ly  _______ _______ _ ___________
5 .3 .1  T h e  C ra n k e d  O u te r T e r m in a l
T h e  g e n e ra l fo rm  of th is  type of te r m in a l  is
d iscu ssed  in  the f re e  end s ec tio n  ( 3 . 3 . 1 ) .  T h e  ta n g en t
to the s p rin g  and te r m in a l  d is p la y s  d is c o n tin u it ie s  and
hence the m eth o d  of a n a ly s is  e m p lo yed  above cannot be
u sed . H o w e v e r , i t  is  shown in  A p p e n d ix  I I I  th a t in  the
case of a continuous s p rin g  the e x p re s s io n
ds TY" ~ p s in  \lrf -  q cos \lf£ -5 .7
y ie ld s  s u ffic ie n t a c c u ra c y . T h e  use of th is  eq u atio n  is  
e q u iv a le n t to  the use of the p r in c ip le  of le a s t  w o rk  
a p p lie d  to the f re e  end s p r in g . I t  is re a s o n a b le  to  
assu m e a s im i la r  d eg ree  of a c c u ra c y  w hen a p p ly in g  the  
le a s t  w o rk  p r in c ip le  d ir e c t ly  to  the c ra n k e d  te r m in a l  
f r e e  end s p rin g . T h e  a n a ly s is  is c a r r ie d  out in  
A p p en d ix  111 w h e re  i t  is  shown th a t the re a c tio n  fo rc e s  
a re  g iv en  b y :-
8 A X r  {1 -  6l  
^  a3 0£. 4 (1 -v 4 )
. 32 A Y r \1  -  61
a^ ( l-Z v "^
+ ^  s in  ZQ
i  -
3m - cos 2f2 j  5 .1 1  
 ^ C o n t'd
(f  — )-6 4  A%^ y i  ~ 8l  /  
a30  5 -2 v 4 )
3m
 ^ ^ ^  -  c o s .^ )  sin.^
w h e re  A X ^  and A a re  the f re e  end d e fle c tio n s  g iven  
by eq u atio n  (3 .1 5 ) .
Thus the e ffe c t o f a c ran k e d  te r m in a l  on the la t e r a l  
s tiffn e s s  of a p r a c t ic a l  s p r in g  is  s m a ll and can m o d ify  
^  £ and ^ 2 in  e q u atio n  (5 .1 0 )  by up to  6%.
5 .3 . 2  T h e  In n e r  C ra n k
T he fo rm  of th is  te r m in a l  is d is cu s s ed  in  the f r e e  
end sec tio n  3 . 3 . 2 .  I t  can be shown in  a s im i la r  m a n n e r  
to  th a t em p lo ye d  w ith  the c ra n k e d  o u te r te r m in a l  th a t  
the change in  the la t e r a l  s tiffn e s s  of an y  p r a c t ic a l  s p r in g  
equ ipped  w ith  an in n e r  c ra n k  of p r a c t ic a l  p ro p o rtio n s  is  
n e g lig ib le .
5 . 4  E r r o r s  In tro d u c e d  d u rin g  the M o u n tin g  and A s s e m b ly  of the  S p rin g  
E c c e n tr ic  p in n in g  of the  c o lle t  o r e la s t ic ity  of the o u te r  
a n ch o r p o in t has no e ffe c t upon the la t e r a l  s tiffn e s s  of the s p rin g  
as d e te rm in e d  by the e x p re s s io n s   ^ j  and ^ 2  eq u a tio n  (5 .1 0 ) .  
H o w e v e r , the f r e e  end d e fle c tio n s  w i l l  be m o d ifie d  as in d ic a te d  
in  the s ec tio n  on the f r e e  end s p rin g  and these w i l l  a l t e r  the  
a c tu a l va lu es  of p and q .
T h e  s p rin g  o u te r end p o in t is c o m m o n ly  in c o r re c t ly  
pinned  up. T h a t is i t  m a y  be tw is te d  th ro u g h  a s m a ll ang le   ^ç 
and s itu a te d  co n stan t d is tan ce s  Ax^ and A y^ f r o m  A  in  F ig .
( 5 .1 ) .  T h e se  te rm s  sum  w ith  the e x is tin g  f r e e  end d e fle c tio n s  
and i f  s m a ll  w ith  re s p e c t to  the o u te r ra d iu s  of the s p rin g  do not 
m o d ify  the la t e r a l  s tiffn e s s .
5 .5  E r r o r s  in  the S p rin g  G e o m e try  In tro d u c e d  d u rin g  M a n u fa c tu re  
T h e  ty p ic a l d e g ree  of ra n d o m  p itc h  v a r ia t io n  o r  
bunched d is to r t io n  on any p r a c t ic a l  s p r in g  is s u ff ic ie n t ly  s m a ll  
- to  have a n e g lig ib le  in flu e n c e  upon the sp rin g s  la t e r a l  s t if fn e s s .
5. 6 V a r ia t io n  of the S p rin g  M a t e r ia l  C ro s s  S ec tio n  G e o m e try  w ith  L e n g th  
A s in d ic a te d  in  the f r e e  end sec tio n  th is  e ffe c t is on ly  
s ig n if ic a n t w ith  f la t  s t r ip  s p rin g s , and is m a n ife s t  as a  v a r ia t io n  
of the second m o m e n t of a re a  of the c ro ss  s e c tio n . I t  can be 
in c lu d e d  in  the f ix e d  end a n a ly s is  as fo llo w s  : -
T h e  v a r ia t io n  in  the second m o m e n t o f a re a  is e x p re s s e d  as
I l  ^ I  ( I  - g ( s ' ) )  ------------ --------------- 5 .1 2
W h e re  g (s ’ ) is  assu m ed  s m a ll and continuous fo r  a l l  s ' .  T h e n  
eq u atio n  ( 5 .1 )  b e c o m e s :-
( I  -  g (s ') )  ( 2 ^  -  py +  q (x:L -  x ) -    5 .1 3
F r o m  eq u atio n  (5 .3 )  '  3 T   5 .1 4
w h e re  in  th is  case f r o m  A p p e n d ix  I  . • •
= “ £  (1 + g ( s . ' ) ) + ~  J g (s ')  d s ' ------------------- 5 .1 5
o
S u b s titu tin g  equations (5 .1 4 )  and (5 .1 5 )  in to  eq u atio n  (5 .1 3 )  
g iv e s :-
L  J s (s ')  d s ' -  £  +  ^  -  £  g (s ')  J  g (s ')  d s ' +  |^g{s')j^
+  g ( s ' )  2 ^  =  P y  +  <l { x L - x )  -
N e g le c tin g  the p ro d u c ts  o f s m a ll  te rm s  th is  eq u atio n  re d u ces  to : -
L  ‘('o g{®') " L  ■ P"o 5 .1 6
T h e  f i r s t  tw o te rm s  of eq u atio n  (5 .1 6 )  a r e  co n stan t w ith  
s ',  th e re fo re  on d if fe re n t ia t in g  th e y  d is a p p e a r and e q u atio n  
(5 .1 6 )  red u ces  to  eq u atio n  ( 5 .4 ) .  T h a t is  changes in  1^  has a 
n e g lig ib le  in flu e n c e  upon the c u rv a tu re  e q u a tio n . S im i la r ly  
the in flu e n c e  of the changes in  the second m o m e n t of a r e a ,  of 
the  sp rin g s  c ro ss  s e c tio n , upon the e x p re s s io n s  fo r  the f r e e  
end d e fle c tio n s  in  equations (5 . 9) a re  n e g lig ib le . Thus  the  
la t e r a l  s tiffn e s s  of the s p rin g  is  u n a ffe c te d  by s m a ll  changes in  
the s p rin g  c ro ss  s e c tio n . '
6 . F IX E D  E N D  S P R IN G  E X P E R IM E N T A L
P R O G R A M M E
6 .1  E x p e r im e n ta l  A p p a ra tu s
A  m o d ifie d  v e rs io n  of the d ev ice  e m p lo y e d  in  the  
f r e e  end te s ts  is used  in  the f ix e d  end e x p e r im e n ts .
T h e  m o d if ic a t io n  co n s is ts  of the a d d itio n  of fo u r  b a rs  
in  the fo r m  of a c ro ss  a tta c h ed  to the u p p e r p o r t io n  of 
the v e r t ic a l  le v e r ,  (f ig s . (6 .1  and ( 6 .2 ) ) .  T h e  b a rs  a re  
g ra d u a ted  in  m . m  and a r e  a r ra n g e d  such th a t th e  z e ro  
p o s itio n  of the s ca le  co in c id es  w ith  the v e r t ic a l  le v e r  
a x is . P ro v is io n  is  m ad e  fo r  the m u tu a l a lig n m e n t of the  
b a rs , the g im b a l a x is  A  A ,  and the a x is  p a ss in g  th ro u g h  
the b a lan ce  s ta ff  c e n tre  to  the s p rin g  o u te r end . T h u s , 
i f  the s p rin g  is  d e fle c te d  in  the f r e e  end m o d e  the o u te r  
end can  be re tu rn e d  to  its  u n s tre s s e d  p o s itio n  by the  
a d d itio n  of w e ig h ts  to  the b a rs . T h a t is ,  the a d d itio n  
of these w eig h ts  im p o ses  f ix e d  end conditions on the  
s p r in g . T h e  re a c tio n  fo rc e s  P  and Q a t the s p rin g ’s 
o u te r  end a re  d e te rm in e d  by ta k in g  m o m e n ts  about the  
g im b a l a x is . T w o  s ize s  of w e ig h ts  a re  e m p lo y e d ,
■ n a m e ly : 0 .1  ±  0 .0 0 2  g m s . u n its  u sed  s in g ly  o r  s ta c k e d , 
and 3 . 9 4 ±  0.0 ,02 g m s . u n its  used  s in g ly . T h e  
m ic ro s c o p e  is  a n u ll  d e te c to r  th ro u g h  w h ich  the c ro s s  
w ire s  a re  o b s e rv e d .
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The sam e o r  s im i la r  la rg e  sca le  s p rin g s  as those
u sed  in  the f r e e  end p ro g ra m m e  a re  used in  the
e x p e r im e n ts . L a rg e  sca le  sp rin g s  a re  re q u ire d  to
o b ta in  s u ff ic ie n t ly  la rg e  fo rc e s  fo r  a c c u ra te
m e a s u re m e n t . A n  a n a ly s is  of the a c c u ra c y  of the
e x p e r im e n ta l e q u ip m en t and m ethods  is g iv en  in
.
A p p en d ix  IV .
6 .2  E x p e r im e n ta l  R e s u lts  w ith  R ound W ir e  S p rin g s
T h e  e x p e r im e n ta l re s u lts  a re  shown in  f ig s . ( 6 .3 )  
to  (6 . 6 ). P o s it iv e  v a lu e s  of Y a re  fo r  a s p rin g  w in d in g  
u p . T h e se  re s u lts  a re  fo r  the s p rin g s  e m p lo y e d  in  the  
f r e e  end e x p e r im e n ta l s e c tio n  w hen used  in  the f ix e d  end  
m o d e , w ith  the  th e o r e t ic a l  p lo t c a lc u la te d  f r o m  
e q u atio n  (5 .1 0 ) .  F ig s .  (6 .3  (a)) and (6 . 3 (b )) show fo r  
s p rin g  (1 ) the m a x im u m  d e v ia tio n  of the th e o ry  p lo t, 
p re d ic te d  f r o m  A p p e n d ix  IV ,  by the d o tted  c u rv e s .
T h is  s p rin g  is  ty p ic a lly  p ro p o rtio n e d  and c e n tre d  w ith in  
the l im its  d is cu s s ed  in  A p p e n d ix  IV .  A s  a n tic ip a te d  
f r o m  the f r e e  end d e fle c tio n  fo r  s p rin g  (1 ) the f ix e d  
end po in ts  a r e  so m ew h at b ia s e d  but a re  w ith in  the  
e xp e c te d  o rd e r  of a g re e m e n t. F ig s . ( 6 .4 )  to ( 6 .6 )  show  
the  e ffe c ts  upon the re a c t io n  fo rc e s  of v a r io u s  changes of 
s p r in g  p a ra m e te rs  and the in flu e n ce  of s p r in g  e c c e n tr ic ity  
and of a c ran k e d  te r m in a l .  In  g e n e ra l the a g re e m e n t  
b etw een  the th e o r e t ic a l  and e x p e r im e n ta l v a lu e s  is  good.
A s  p re d ic te d  in  eq u atio n  (5 .1 0 ) ,  P  and Q a re  
a p p ro x im a te ly  p ro p o r t io n a l to  the re s p e c tiv e  f r e e  end 
d e fle c tio n s .
6 .3  E x p e r im e n ta l  R esults  w ith  F la t  S tr ip  S prings
T h e  in v e s tig a tio n  is  l im ite d  to the in t r in s ic  va lu es  
o f the re a c tio n  fo rc e s , and uses sp rin g s  w ith  a s t r ip  
w id th  to  th ic kn es s  ra t io  o f 6 . T h e  re s u lts  fo r  tw o  s p r in g s ,  
d e ta ils  o f w h ich  a re  g iven  in  T a b le s  6 .1  and 6 .2 ,  w ith  
d if fe r e n t  c o lle t  s ize s  a re  shown in  f ig s . (6 .7  and ( 6 .8 ) .
A  study of these re s u lts  re v e a ls  the fo llo w in g  p o in ts :
(a ) T h e re  is  a w id e  d is a g re e m e n t be tw een  the  
e x p e r im e n ta l and th e o re t ic a l  v a lu e s  of Q and to  a 
le s s e r  e x ten t b e tw een  those of P  w hen  c o m p a re d  
w ith  the o rd e r  of a g re e m e n t o b ta ined  w ith  round  
w ir e  s p r in g s . H o w e v e r , the n u m e r ic a l d if fe re n c e  
b e tw een  the e x p e r im e n ta l and th e o re t ic a l  c u rv e s  
is  of a s im i la r  v a lu e  fo r  both  P  and Q .
(b) I f  w hen  c a lc u la t in g  P  and Q , the e x p e r im e n ta l  
v a lu e s  of the f r e e  end d e fle c tio n s  a re  substitu ted  
in to  eq u atio n  (5 .1 0 ) ,  the a g re e m e n t w ith  the  
e x p e r im e n ta l v a lu e s  of P  and Q is  good. Thus  
the e ffe c t caus ing  the d is c re p a n c y  b e tw ee n  the  
th e o r e t ic a l  and e x p e r im e n ta l f r e e  end d e fle c tio n s  
has a n e g lig ib le  e ffe c t upon and
e q u atio n  (5 .1 0 ) ,  as p re d ic te d  in  s e c tio n  5 .6 .
(c ) T h e re  is  a t i l t  of the s p rin g  p lane in  the f r e e  end  
e x p e r im e n ts  due to  the v e r t ic a l  le v e r  be in g  of 
f in ite  le n g th . I f  th is  t i l t  g ives  r is e  to  an  
a p p re c ia b le  f r e e  end e r r o r ,  th en  th is  e r r o r  
w ould  be exp ec ted  to  cause d is a g re e m e n t b e tw een  
the f ix e d  end e x p e r im e n ta l po in ts  and the  th e o ry  
p lo t com puted  us ing  the f r e e  end e x p e r im e n ta l  
v a lu e s . S ince th is  is no t the c ase , the in d u ced  
t i l t  of the s p rin g  p lane in  the f r e e  end e x p e r im e n ts  
is  no t a p r im e  cause of the e r r o r s  w ith  f la t  s t r ip  
s p r in g s . H o w e v e r , th is  does no t exc lu d e  
p e rm a n e n t, as opposed to the s m a ll  in d u ced , 
d is to r t io n  o f the s p rin g  p lane as a  p r im e  cause .
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7 . T H E  D Y N A M IC  B E H A V IO U R  O F
T H E  F IX E D  E N D  S P R IN G
7 .1  The  B a lan c e  And S p ir a l  S p rin g  O s c il la to r
T h e  ba lance  and s p ira l  s p r in g  is  no t a s im p le  h a rm o n ic  
o s c i l la to r .  The  re a c tio n  fo rc e s  and m o m e n ts  in v e s tig a te d  in  
s ec tio n  5 produce  a v e r y  s m a ll n o n - l in e a r i ty  in  the to rq u e -  
d e fle c tio n  c h a r a c te r is t ic  of the s p rin g , w h ic h  causes the p e r io d  
of o s c illa t io n  to v a r y  w ith  a m p litu d e . Thus the p ro b le m  co n s is ts  
of the d e ta ile d  in v e s tig a tio n  of the in flu e n ce  of an  o s c il la to r  
n o n - l in e a r i ty , th a t  in  a lm o s t a l l  o th e r v ib ra t io n  p ro b le m s  w ou ld  
be n e g lig ib le . I t  is  the shape o r g ra d ie n t of the p e r io d -  
a m p litu d e  c h a ra c te r is t ic  th a t is  of p r a c t ic a l  in te r e s t ,  s in ce  the  
ab so lu te  v a lu e  of the p e r io d  can be a d ju s ted  by a lte r in g  the m o m e n t  
of in e r t ia  of the b a la n c e , o r by m a k in g  s m a ll  a lte ra t io n s  to  the  
len g th  of the s p rin g  w ith  a r e g u la to r . T h e  use of the re g u la to r  
a ls o  a lte r s  the g e o m e try  o f the s p rin g , but w ith  c a re fu l d e s ig n  
the change in  s p rin g  len g th  re q u ire d  is  s u ff ic ie n t ly  s m a ll  to  have  
on ly  a s m a ll e ffe c t upon the shape of the p e r io d -a m p litu d e  
c h a r a c te r t is t ic .  A n  e x a m p le  of a ty p ic a l c h a r a c te r is t ic ,  and the  
e ffe c ts  o f a lte r in g  the b a lan ce  in e r t ia  o r  the p o s itio n  o f the  
re g u la to r , is  shown in  f ig u re  (7 . i ) .
* In  h o ro lo g y  i t  is c u s to m a ry  to have the p e r io d  as the  
o rd in a te  and the o s c illa t io n  a m p litu d e  as the a b s c is s a .
T h a t is the re v e rs e  of n o rm a l v ib ra t io n  p ra c t ic e .  A l l  p e r io d  
a m p litu d e  cu rve s  in  th is  th e s is  c o n fo rm  to  the h o ro lo g ic a l c u s to m .
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T h e  p re s e n t s e c tio n  is co n cern ed  w ith  the d e te rm in a t io n  
of the p e r io d -a m p litu d e  c h a r a c te r is t ic  of an o s c il la to r  w h e re  the  
s p rin g  is  su b jec t to  the e r r o r s  and d is to rtio n s  d is cu s s ed  in  
p re v io u s  s e c tio n s . I t  is  shown th a t the v a r ia t io n s  in  p e r io d  can  
be e x p re s s e d  in  te rm s  of the f r e e  end d e fle c tio n s  of the s p r in g .  
S e v e ra l m odes of v ib ra t io n  of the s p rin g  i ts e l f  a re  p o s s ib le  u n d er  
shock f r o m  the e s c a p em e n t o r  f r a m e .  T h e se  in c lu d e  v ib ra tio n s  
p e rp e n d ic u la r  to  the s p ira ls  p lane and tra n s v e rs e  o s c il la t io n  
o f the s p rin g  s t r ip .  E .B o r e r  (15 ) has in v e s tig a te d  the la t t e r  
case e x p e r im e n ta lly  in  w a tc h  s p r in g s . H o w e v e r , the lo w e s t  
fre q u e n c ie s , in  c locks and w a tc h e s , a re  in  the re g io n  of 
hundreds  of H e r tz ,  and u n less  the c lo c k  is  in  a s e v e re  v ib ra t io n  
e n v iro n m e n t the v ib ra t io n  of the s p rin g  i ts e l f  a p p e a rs  to  have  a 
n e g lig ib le  e ffe c t upon the p e r io d  of the b a lan ce  and s p rin g  
o s c il la to r .
7 .2  T h e  E q u a tio n  of M o tio n  of the B a lan c e  and S p rin g
A  phase p lane p o r t r a i t  of a b a lan ce  and s p rin g  s y s te m  
is shown in  f ig u re  ( 7 . 2 . ) .  I t  is  a ssu m ed  in  the i l lu s t r a t io n  t l ia t  
the s p rin g  is v e r y  n e a r ly  l in e a r ,  and th a t the m a in ta in in g  to rq u e  
im p u ls e  is a p p lie d  e q u a lly  about to p  dead c e n tre . Thus the  
cyc le  consis ts  o f tw o  sec tio n s  of a d am p ed  f r e e  qua s i-h a r m o n ic  
m o tio n , and tw o  sections  w h e re  the s y s te m  is fo rc e d  by  c o n stan t  
m ag n itu d e  to rq u e  p u ls e s . T h e  Q v a lu e  of a f r e e  o s c il la t in g  
sys te m  is  d e fin e d  as : -
O =  2 tt e n e r g y  S T O R E D /C Y C L E  _________
E N E R G Y  d i s s i p a t e d / c y c l e
M A m rM N lM G - lN \P U L 5 t
FIG. 1 .7.
T h e  e n e rg y  loss  is  com pounded of v isco u s  f r ic t io n  in  the o iled  
p iv o ts , cou lom b f r ic t io n  in  the p iv o ts , g e a r t r a in  and e sc a p em e n t, 
e la s tic  h y s te re s is  in  the s p rin g , and in  the case of an e le c t r ic a l ly  
m a in ta in e d  b a lan ce  v a r io u s  lo sses  a s s o c ia te d  w ith  the m a g n e tic  
and s w itc h in g  c ir c u its .  I f  the s y s te m  is a ssu m ed  to  have  
p re d o m in a te ly  v isco u s  f r ic t io n ,  Q can be e x p re s s e d  as: -
Q = ------------------ -L O G R IT H M IC  D E C R E M E N T  
A  ty p ic a l w a tc h  o r  c lo c k  b a la n c e "a s s e m b ly , o s c illa t in g  a t an  
a m p litu d e  of 2 2 0 ° , has a Q v a lu e  of the o rd e r  of 2 0 0 . Th u s  fo r  
the purposes  of a n a ly s is  the s y s te m  is c o n s id e re d  to  be 
c o n s e rv a t iv e , and the L a g ra n g ia n  eq u atio n  is e x p re s s e d  a s : -
■ i
V dyw h e re  y , the w in d  a n g le , is  the g e n e ra lis e d  c o -o rd in a te , ^
T e  is  the s y s te m  k in e t ic  e n e rg y  and U its  p o te n tia l e n e rg y , t  is  
the t im e  c o -o rd in a te  and V  the m a in ta in in g  to rq u e  a p p lie d  d u rin g  
a p o r tio n  of the c y c le . I t  is shown in  A p p en d ix  V  th a t the to ta l  
v a lu e  of T g  is  g iven  to  s u ff ic ie n t a c c u ra c y  b y : -
T_ +  -M.S a 6 L ^ '..
+  12 ( l - v 2 ) 3
. 2-
Y ------------- 7 .3
= _ i. iT .y   ^
a
Ig  is  the m o m e n t o f in e r t ia  o f the b a lan ce  w h e e l, the b a lan ce  
s ta ff  and the s p rin g  c o lle t o r c o lle ts  w ith  re fe re n c e  to  the a x is  
of ro ta t io n . T h e  second te r m  in  the b ra c k e ts  in  e q u a tio n  ( 7 .3 )
is  the c o n tr ib u tio n  to  the in e r t ia  of the s p rin g  i ts e l f ,  w h e re  M g  
is  the s p rin g  m a s s .
is  the to ta l m o m e n t of in e r t ia  of the s y s te m .
The  p lane of the s p rin g  is  assu m ed  to l ie  in  the  
h o r iz o n ta l p la n e , w ith  the a x is  of ro ta t io n  of the b a lan ce  v e r t ic a l .  
Thus the p o te n tia l e n e rg y  of the s y s te m  is the s t ra in  e n e rg y  of 
the s p rin g , g iven  b y :-
U = S i  j  É & .  _ â h
2 i d s ' ds 'o
2
d s '  ------------   7 .4
w h e re  E l  is a ssu m ed  in v a r ie n t  w ith  s '.
F r o m  the f ix e d  end s p rin g  s ec tio n  (eq u atio n  5 .3 ) .  the  
change in  c u rv a tu re  is g iven  b y :-
=
.'.T h e  s tra in  e n e rg y  is : -
s 'Thus no ting  th a t, fo r  an unw ind ing  s p r in g , (  ^ = Y - Y (e q u a tio n  
( 3 .2 ) )  and th a t a t  s ' = 0 and s ' = L ,  = 0, p a r t ia l  in te g ra t io n  
of equation  (7 .6 )  g ives  the fo llo w in g  e x p re s s io n :-
- 7 . 7
Q^/ is the change in  tan g en t caused by the im p o s it io n  of f ix e d  end  
cond itions on a f r e e  end s p rin g . T h e  second te r m  in  equation  
(7 .7 )  is the te r m  th a t g ives  r is e  to the n o n - l in e a r it ie s  in  the  
s p rin g  to rq u e  c h a r a c te r is t ic ,  and thus to  is o c h ro n a l e r r o r s .  
T h e  in te g ra l  of e q u atio n  (7 .7 )  is a p p ro x im a te ly  e v a lu a te d  in  
A p p en d ix  V  to  g ive  : -
4
U
E l +.9^)
8
6L '  .4
( i - k b l F / z  ■
2 (1 -  K 6 l )^ 7 .8
T h e  re a c tio n  fo rc e s  P  and Q can be e x p re s s e d  in  te rm s  of the  
f r e e  end d e fle c tio n s  th a t w ould  o c c u r i f  the s p rin g  w e re  a r ra n g e d  
in  the f re e  end m o d e . T h u s ,as  shown in  A p p en d ix  V, eq u atio n  
(7 .8 )  red u ces  to : -
U: E l
but K  =
aA
L
2Y
6 ^ 2  ( i_ v 2 )
U «  —
E l j  
2
3y /
-7 .9
T h u s , c o n s id e rin g  an o s c il la to r  equ ipped  w i t h ( j - l )  l in e a r  s p r in g s , 
and one s p rin g  e x h ib itin g  the n o n - l in e a r i t ie s  ab o ve , t h e - 
o s c il la to r  h as , f ro m  equations ( 7 .2 ) ,  (7 .3 )  and (7 .9 )  the  
fo llo w in g  eq u atio n  of m o tio n : -
(1 -V ^ ) &y 1 ^ y ^ ) Y - 7 .  10
w h e re  S, is  the to ta l l in e a r  s p rin g  s tiffn e s s  of the s p rin g  
J
s y s te m . In  the case o f a s in g le  s p rin g  s y s te m  S, is g ive  by  
E l
Sj = ' j j  • Thus the n o n - l in e a r i ty  o f the s p rin g  is e x p re s s ib le  
in  te rm s  o f the f r e e  end d e fle c tio n s  o f the s p rin g .
7 .3  S o lu tio n  of the E q u a tio n  o f M o tio n
T h e  f r e e  end d e fle c tio n s  in  equation  (7 .1 0 )  a re  g e n e ra l  
and can in c lu d e  the fo rm s  of s p rin g  d is to r t io n  (excep t 
v a r ia t io n s  in  E l )  d is cu s s ed  in  p re v io u s  s ec tio n s . T h e  change  
in  p e r io d , , caused by the s p rin g  n o n - l in e a r i t ie s  is  found  
in  A p p en d ix  V  u s in g  the a v e ra g in g  m ethod  o f W . R itz  (1 3 ). 
T h a t is : -
A T _1L_U)Y" J  W ( r  s in  T ) s in  T d t
w h e re
0) = k 7 .11
W(y ) = by (A x2  + A y 2 )
and r  is the a m p litu d e  o f the s ine te r m  p o rtio n  o f the
a p p ro x im a te  s o lu tio n  fo r  y o f eq u atio n  ( 7 .1 0 ) .  Thus the
change in  p e r io d  is dependent upon the f re e  end d e fle c tio n s .
(8 )G o u d sm it and W ang d e m o n s tra te  th is  dependency w ith o u t  
d e r iv in g  any e x p lic it  e x p re s s io n s , and they  f a i l  to n o tic e  th a t  
o n ly  those p o rtio n s  of the p e r io d  v a r ia t io n  AT th a t a re  
dependant upon the a m p litu d e  T a re  o f p r a c t ic a l  in te r e s t .
>  7 .1 2
A  c o m p le te  a p p ro x im a te  so lu tio n  fo r  eq u atio n  (7 . 1 0 ), 
w hen V  = o, is ,  f r o m  A p p en d ix  V , g iven  b y :-
2tt '
P
w h e re  c ^  PA/(T s in 'c ) d^ c2TT ' i ~ _  J
T h e  a s y m m e try  o r  D . C . fa c to r  c , due to the  s p rin g  n o n - 
l in e a r i t ie s ,  is  in  any p r a c t ic a l  s p rin g  v e ry  s m a ll w ith  
re s p e c t to  T .
i
7 .4  E v a lu a tio n  o f the p e r io d  v a r ia t io n  aT  and the fa c to r  c
T h e  e x p re s s io n  fo rV \f(y  ) in  equation  (7 .1 1 )  is  n o n - l in e a r  
in  te rm s  of the  f r e e  end d e fle c tio n s . H ence  in  the  e v a lu a tio n  
o f ^ T  and c, a s p rin g  d is p la y in g  a l l  f r e e  end d e fle c tio n s  of 
in te r e s t  m u s t be c o n s id e re d . T h e  com ponents o f these  
d e fle c tio n s , som e of w h ich  a re  i l lu s tr a te d  in  f ig u re  (7 . 3 ), 
a re  as fo llo w s  : -
a ) T h e  in t r in s ic  f r e e  end d e fle c tio n s , ^ x . ,  ^y^ (e q u a tio n
(3 .1 3 ) ) .
b ) D e fle c tio n s  due to an e c c e n tr ic  c o lle t , t ^
(eq u a tio n  (3 .1 7 ) ) .
c ) T h e  d e g re e  of a c c u ra c y  o f p o s itio n in g  the o u te r  an ch o r  
p o in t w ith  re s p e c t to  its  c o r r e c t  p o s itio n , Ax^ Ay^  
show n in  f ig u re  (7 . 3 )b .
d ) T h e  f r e e  end d e fle c tio n  due to an e la s t ic  o u te r  
an ch o r (eq u atio n  (3 .1 9 ) ) .  A x ^  is  n e g lig ib le  fo r  any  
p r a c t ic a l  a n ch o r.
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e ) A n  e r r o r  & ^ in  the tan g en t a t the o u te r ancho r g iv in g  
r is e  to a f r e e  end d e fle c tio n  o f ( f ig . (7 .3  (b )).
Axgi is n e g lig ib le .
f )  T h e  f r e e  end d e fle c tio n s  due to the a d d itio n  of a c ran k e d
te r m in a l  a t the sp rin g s  o u te r end Ax Ay (s e c tio n
1 > T
3 .3 . 1 ) .  I t  is p e rm is s ib le  to add th ese  te rm s  d ir e c t ly  
to o th e r f r e e  end d e fle c tio n s , s in ce  i t  is shown in  the  
f ix e d  end s p r in g  s ec tio n  5 .3 .1  th a t the in tro d u c tio n  of 
a p r a c t ic a l  c ra n k e d  te r m in a l  has l i t t l e  e ffe c t upon the  
s p rin g s  la t e r a l  s tiffn e s s .
g) T h e  f r e e  end d e fle c tio n s  caused  by the in tro d u c tio n  of 
an in n e r  c ra n k  to the s p r in g , Ax^, Ay^ (e q u a tio n  
(3 ib ) ) .
D e fle c tio n s  due to e r r o r s  in  the  s p rin g  shape a re  n e g lig ib le  
in  a l l  p r a c t ic a l  c as e s .
T h e  in te g ra t io n  o f eq u atio n  (7 .1 1 )  w ith  the  above  
d e fle c tio n s  is  p e r fo rm e d  in  A p p en d ix  V  to g ive  the e x p re s s io n  
fo r  AT shown b e lo w . In  th is  e x p re s s io n  those  te rm s  th a t 
a lte r  the shape o f the p e r io d -a m p litu d e  c h a r a c te r is t ic  a re  
re ta in e d , w h ile  those in d ependent o f the  a m p litu d e  F a re  
ig n o re d .
e T ' * ^ '  = - r j '  ( H )  -
, • L
- # # %  ' . i n  +  4 ? % % f ^ ' ( ' . ( r , - 2 J . p r ) )
+  3 2 " ,  n v 2 ( i ^ a / 8 o ) ,  g ,  ( j o ( F )  -  F  J ,  ( F ) )
U)e, 2 ( 1 - v 4 )0 q
, I 6 n  Axp s in  cr ’ ^
+  a ^ e  2 %  - v 4 )  "  ( b
1 6 t t v ^  A vc  cos O'* .p .
a w e ^ Z  U - v 4 )  ' /
16 TT (0 L  +  m )& c  . c o s C F '  _ ^-  ^ ^  Jo ( r )
U)6 ( l - v 4 )
♦ C l - r  j, (r»
+  - ( J o ( r )  - F  J , ( F ) )
L
+8TT X A xç  COS g _ J, (F )
au) 6 2 (Ihv^) ^
8tt X Avc s in  e . J , (F )  
aU) 0 2 (1 +v^) f
8 t t V 6 c  ( 6 t ,  +  m )  s i n e J, ( f )  
u) 0^2  ^(l+v2) F
8 ir_X k  (6x, + m ) cos e
- u)8 2(i+v2) Jo l U
8TT X Kx s in  e 
aU)0 2 ( l+ v 2 ) Jo (r )
, 8ttX te cos G fy,.
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aU) 6 2 ( j  -v 4 )  0o Jo (F)
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‘7 . 1 3
T h e  f i r s t  t e r m  in  equation  (7 .1 3 )  re p re s e n ts  the change in  
p e r io d  w ith  a m p litu d e  in  a p e r fe c t  s p r in g , due to the p re se n c e  
o f the c e n tra l c o lle t .  T h a t is ,  the in t r in s ic  change in  p e r io d  
caused by the im p o s it io n  o f f ix e d  end conditions on a s p rin g  
d is p la y in g  the in t r in s ic  f r e e  end d e fle c tio n s  o n ly . I f
TT
O' = ±  ~  the te r m  is  z e r o .  T h is  v a lu e  of o' is  the c o n d itio n  fo r  
the  in v o lu te  th a t c o rres p o n d s  to the co n stan t change in  p e r io d  
in  the h e lic a l  s p r in g  p ro p o sed  by R e s a l and C a s p a r i (7 ), and  
p ro v e d  by  G o u d s m it and W ang (8 ). T h e  second and th ir d  
te rm s  g ive  the change in  p e r io d  w ith  a m p litu d e  fo r  a h y p o th e tic a l 
s p rin g , th a t is  e c c e n tr ic  w ith  re s p e c t to the a x is  o f ro ta t io n  
w hen = o . In  a p r a c t ic a l  s p rin g  w hen v^ ^  o the  fo u r th  
te r m  is n e c e s s a ry  to take  in to  c o n s id e ra tio n  the  c ro s s  p ro d u c t  
te rm s  of an e c c e n tr ic  s p r in g , to g e th e r w ith  a f in i te  c o lle t .
T h e  f i r s t  and f i f th  te rm s  to g e th e r d e s c r ib e  th e  change in  
p e r io d  o f a p e r fe c t  s p r in g  w ith  an in n e r  c ra n k . S im i la r ly  the  
s ix th  te r m  is  due to  a c o m b in a tio n  of a f in ite  c o lle t ,  an  
e c c e n tr ic  s p rin g  and an in n e r  c ra n k . T h e  f i r s t  co lu m n  of 
te r m s , d e lin e a te d  by  the s q u are  b ra c k e t  to the r ig h t  of the  
co lu m n , show the change in  p e r io d  w ith  a m p litu d e  due to  the  
c o m b in a tio n  of a c ran k e d  o u te r te r m in a l ,  an e la s t ic  o u te r  
an ch o r and in c o r re c t  p o s itio n in g  of the o u te r  end p o in t w ith  
a f in ite  c o lle t .  S im i la r ly  the second co lu m n  is  the c o m b in a tio n  
of the  above d is to rtio n s  and e r r o r s  w ith  an e c c e n tr ic  s p r in g ,  
and the th ir d  co lu m n  the c o m b in a tio n  w ith  an in n e r  c ra n k .
In  m o s t p r a c t ic a l  s p rin g s  the in n e r  c ra n k  is v e r y  s m a ll ,  
and the f i f th  and s ix th  te rm s  and the th ird  c o lu m n  in  equation
(7 .1 3 )  a re  n e g lig ib le . W ith  m a n y  c o m m e rc ia l s p rin g s  the  
f i r s t  te r m ,  the " in t r in s ic ” change in  p e r io d , is v e ry  s m a ll  
c o m p a re d  w ith  the in tro d u c e d  e r r o r s .  Thus eq u atio n  (7 .1 3 )  
p ro v id e s  a m eans o f e s t im a tio n  of the a llo w a b le  to le ra n c e s  
in  m a n u fa c tu re  and a s s e m b ly  of the s p rin g , fo r  a g iv en  
v a r ia t io n  in  p e r io d  o v e r  a know n ran g e  o f a m p litu d e . T h e  
B e s s e l fu n c tio n s  d e te rm in in g  the  shape of the p e r io d  
a m p litu d e  c u rve s  a re  p lo tte d  in  f ig u re s  (7 .4 )  to ( 7 .7 )  on w h ich  
the  ra n g e  of a m p litu d e  v a r ia t io n  o f in te re s t  is  m a rk e d  both  
fo r  a ty p ic a l c o n ve n tio n a l m e c h a n ic a l c lo ck  (1 6 0 °  to 27QO), 
and fo r  a c a re fu lly  d es ig n ed  e le c t r ic a l ly  m a in ta in e d  b a lan c e  
s y s te m  (2 2 0 °  ±  1 0 ° ) .
T h e  a s y m m e try  fa c to r  c in  equation  (7 .1 2 )  is  e v a lu a te d  
and d is cu s s ed  in  A p p en d ix  V .  T h e  v l lu e  of c w ith  any  
p r a c t ic a l  s p r in g  in  an o s c il la to r  w ith  an a m p litu d e  o f 2 2 0 °  does  
n o t exceed  2^. Thus th e  fa c to r  is  o f l i t t le  im p o rta n c e  and is  
g e n e ra lly  ig n o re d .
A  co n ven ien t m eth o d  o f d e s c r ib in g  the  p e r fo rm a n c e  of 
an e le c t r ic a l ly  m a in ta in e d  b a lan c e  s y s te m ,o r  o f a m e c h a n ic a l 
s y s te m  w ith  a m eth o d  of r e s t ra in in g  the a m p litu d e  v a r ia t io n ,  
is  in  te rm s  of the g ra d ie n t o f the p e r io d  a m p litu d e  
c h a ra c te r is t ic  a t the m e a n  a m p litu d e . T h a t is  in  h o ro lo g ic a l  
te rm s  as a n u m b e r of s e c o n d s /d a y  fo r  one d e g re e  change in
in
r
s
£

ru.
U-
a m p litu d e  about the m ean  a m p litu d e  (u s u a lly  2 2 0 ° ) .  T h e  
g ra d ie n t o f the functions  d e s c r ib in g  the c h a ra c te r is t ic  about 
2 2 0 °  ± 1 0 ^  a re  a p p ro x im a te ly  co n stan t (see f ig u re s  ( 7 .4 )  to  
( 7 .7 ) .  Thus d if fe re n t ia t in g  eq u atio n  (7 .1 3 )  w ith  re s p e c t to  F , 
and s u b s titu tin g  the v a lu e  of the g ra d ie n t at 2 2 0 °  fo r  the  
d if fe r e n t ia l  o f the B e s s e l fu n c tio n s , g ives  : -
b (A T ) _ 239 E l  
6F -  e -Z s .L
L  j
155 v ^ 4 cos cr ’ + k  s i n c r '
2a
c o s  O'* +
2a
s in  cr ‘
+ 1 6 . 5 X s in  (cr* + e )
( l+ v 4 )
+ ^ ( 1 ^ 2 )  s in  e + 6 (6 ^  + m ) s in  e -  ^  cos e
S e c s /d a y /d e g re e  change in  
■ " 7 .1 4  a m p litu d e  f r o m  2 2 0 °
T h e  te rm s  a s s o c ia te d  w ith  an in n e r  c ra n k  a re  n e g le c te d  in  
the  above e x p re s s io n . T h e  f i r s t  g ro u p  o f te rm s  w ith in  the  
s q u are  b ra c k e ts  o f eq u atio n  (7 .1 4 )  g ive  the g ra d ie n t due to  
the  in t r in s ic  te rm s  p lus an e la s tic  o u te r  an ch o r ( e .g .  a 
re g u la to r )  and a c ra n k e d  o u te r te r m in a l .  T h e  re m a in in g  
te rm s  d e te rm in e  the s lope due to m o u n tin g  e r r o r s  and  
co m b in atio n s  o f m o u n tin g  e r r o r s .  Thus  fo r  an o s c i l la to r  
w hose a m p litu d e  re m a in s  w ith in  ±10^ o f 2 2 0 °  eq u atio n  (7 .1 4 )  
is  used to d e te rm in e  the d e s ig n  and m a n u fa c tu r in g  to le ra n c e s  
of the h a irs p r in g . I f  the e c c e n tr ic ity  p a ra m e te r  X is  g r e a te r  
than  about 3 . 5 o r  i f  a g r e a te r  v a r ia t io n  of a m p litu d e  is
re q u ire d , such as w ith  a s p rin g  d r iv e n  c lo c k  o r  w a tc h , 
the c o m p le te  e x p re s s io n  of equation  (7 .1 3 )  is  u sed . T h e  
in t r in s ic  p e r io d  a m p litu d e  g ra d ie n t w ith  a s in g le  u n ifo rm  
s p ira l  s p r in g , h av in g  no m o u n tin g  e r r o r s ,  is  g iven  f r o m  
eq u atio n  (7 .1 4 )  a s : -
b (A T ) 37050  n rr
""ôT~ “  2""' '  c o s  o s e c s /d a y /d e g re e  change in
L i  a m p litu d e  f r o m  2 2 0 °
7 .1 5
H en ce  fo r  a fix e d  c o lle t  angle  cr the la r g e r  6 and the  s m a lle r  
the c o lle t  the n e a r e r  to  is o c h ro n is m  is  the o s c i l la to r .  In  a  
ty p ic a l good q u a lity  s p rin g  0_ is  o f the o rd e r  o f 100  ra d ia n s  
and v^szi 0 .1 ,  then  the m a x im u m  v a lu e s  of the g ra d ie n t in  a 
s in g le  s p rin g  o s c il la to r  a r e : -
! '
A.T )  -  j. 0 .3 7  s e c s /d a y /d e g re e  change in  
a m p litu d e  fo r  2 2 0 °
I f  the s p rin g  has a s m a ll e c c e n tr ic ity , w h e re  fo r  e x a m p le
^ = 1 w ith  no o th e r m o u n tin g  e r r o r s , th e  g ra d ie n t is  m o d ifie d
by les s  than  20% in  the above e x a m p le . I f ,  h o w e v e r , th e re  is
an a d d itio n a l m o u n tin g  e r r o r  of 6 ^ = ±  2 . 0 ° ,  the  p o s s ib le
change in  g ra d ie n t is  o f the o rd e r  o f 70% . F u r th e r
c o m b in a tio n  w ith  the  p o s it io n a l e r r o r s  A x ^ , Ay^ can p ro d u ce
a d d itio n a l la rg e  changes in  g ra d ie n t . T h u s , g iv en  the
to le ra n c e  a v a ila b le  d u rin g  m a n u fa c tu re  on the p o s itio n in g  of
the sp rin g s  o u te r  end, the m a x im u m  v a lu e  of X r e q u ire d
fo r  a p a r t ic u la r  m a x im u m  g ra d ie n t can be found . F r o m
th is  v a lu e , s p e c if ic a tio n  o f the to le ra n c e  on the c e n te r in g  of
the s p rin g  can be m a d e . I f  a c ra n k e d  o u te r te r m in a l  of 
know n d im en s io n s  is  a d es ig n  re q u ire m e n t  and a. re g u la to r  
w ith  c lose  f i t t in g  cu rb  pins is  f i t te d ,  then the f i r s t  te r m s  in  
eq u atio n  (7 .1 4 )  can be m in im is e d  to fin d  the o p tim u m  v a lu e  
of cr ’ . A n e xa m p le  of o s c il la to r  s p r in g  d es ig n  i l lu s t r a t in g  
the above points is  g iv en  in  A p p en d ix  V I I .
7 . 5 V a r ia t io n  of the Second M o m e n t o f A r e a  o f the S p rin g  
C ro s s -S e c tio n  ______ ' _____ ■ _________ _
A  s p rin g  m a n u fa c tu re d  f r o m  f la t  s t r ip  can e x h ib it  
changes in  the second m o m e n t o f a re a  o f the c ro s s  s ec tio n  
th a t a re  no t p re s e n t in  the round w ir e  case , and w h ic h  can  
a ffe c t the p e r io d  a m p litu d e  c h a r a c te r is t ic  o f the  o s c il la t io n :  
L e t  the second m o m e n t of a re a  o f the c ro ss  s e c tio n  be:
I l  = I  {1 -  g (s ') )
w h e re  g(s ') ,  and s m a ll and continuous fo r
a l l  s ' o v e r  the ran g e  of in te r e s t .  T h e n  f r o m  e q u atio n  ( 7 .4 )  
th e  s t r a in  e n e rg y  o f the d e fle c te d  s p rin g  is  g iv e n  b y : -  
L
7 ,1 6
> d s '
v s ' Y r
0  = -  i r  +  —  i ( s ' )
w h e re  0  is  now  g iv en  b y :-  Î
-  _Jh i
+  i ( s ' )  I
f r o m  A p p en d ix  I .  In te g ra t in g  equation  (7 .1 6 )  p a r t ia l ly  and j
n o tin g  th a t a t s ' = o and s' = L ,  Ôq, = o g ives  : -  I
u = E l
L
y 2 / l  A 2 -  J  .  J g ( s ' ) [ f r ]  ds-
O d s ^  o  ' ( d s ' y
7.17
(Mo - f^ )
w h e re  is  a co n stan t a p p ro x im a te ly  equal to u n ity .
Thus the eq u atio n  o f m o tio n  is  now g iven  fo r  a s in g le  s p rin g  
o s c il la to r  b y : -
Ÿ I ^ +  -  f  ^
d2 ÔQf
ds
+ g ( s ' ) f 7 f  ( 0 - 1  f  g ( s ' ) ) j d s ' = V
7 .1 8
T h e  f i r s t  te r m  u n d e r the in te g r a l  s ig n  in  eq u atio n  (7 .1 8 )  is  
th a t d e r iv e d  in  eq u atio n  (7 .7 )  w hen g (s ')  = o. T h e  second  
t e r m  u n d e r the in te g r a l  s ign  can u n d e r a d v e rs e  c irc u m s ta n c e s  
be c o m p a ra b le  to the f i r s t  t e r m  and can th e r e fo r e  in flu e n c e  
the  e x p re s s io n  fo r  the change in  p e r io d  w ith  a m p litu d e  fo r  
the o s c i l la to r .
Thus o s c il la to rs  equipped w ith  a f la t  s t r ip  s p r in g  a re  
s u b jec t to  fu r th e r  e r r o r s  in  p e r io d , depending  upon the d e g re e  
and type  o f d is to r t io n  of th e ir  c ro s s  s ec tio n .
E X P E R IM E N T A L  P R O G R A M M E  O N T H E  F IX E D  E N D  S P R IN G S  
D Y N A M IC  B E H A V IO U R
1 T h e  e x p e r im e n ta l a p p ara tu s
T h e  fu n ctio n  o f the e x p e r im e n ta l w o rk  is  to d e te rm in e  the  
shape o f the p e r io d -a m p litu d e  c h a ra c te r is t ic  o f a b a lan c e  and  
s p rin g  o s c il la to r  fo r  a n u m b e r of sp rin g s  and s p rin g  co n d itio n s .
T h e  o s c il la to r  is  a r ra n g e d  and c o n tro lle d  such th a t o n ly  the  
s p rin g  in flu e n ce s  the p e r io d -a m p litu d e  c h a r a c te r is t ic .  T h e  
e x p e r im e n ta l va lu es  a re  c o m p a re d  w ith  p re d ic te d  v a lu e s  o b ta in ed  
f ro m  the  th e o re t ic a l s ec tio n  7. T h e  sys te m  used in  th is  th e s is  
is  a g e n e ra l pu rp o se  c o n tro lle d  o s c il la to r  co n ce ived  in  o u tlin e  b y  
T . R .  H e e k s , designed  and b u ilt  by  A . B a ile y  and T .  C h a p p e ll 
and m o d ifie d  by  the a u th o r, a l l  o f S m iths In d u s tr ie s . T h e  
a p p ara tu s  is  capab le  o f u n d e rta k in g  the m e a s u re m e n t o f e n e rg y  
lo s se s  and p e rio d s  and a m p litu d e s  a s s o c ia te d  w ith  a w id e  ran g e  
o f e x p e r im e n ta l o s c il la to r  c o n fig u ra tio n s . I t  co n s is ts  b a s ic a lly  o f 
a b a lan ce  s ta ff  upon w h ich  can be m o u n ted  s p rin g s  and b a lan c e s  
o r  o th e r d ev ices  to fo r m  the o s c il la to r .  E n e rg y  can be s u p p lied  to , 
o r e x tra c te d  fro m , the o s c il la to r  in  c o n tro lle d  am ounts  and a t 
c o n tro lle d  t im e s  w ith o u t m e c h a n ic a l co n tact, and the p e r io d  and  
a m p litu d e  m e a s u re d  to a h igh  d e g ree  o f a c c u ra c y . A  b lo c k  
d ia g ra m  o f the sys te m  as used in  the e x p e r im e n ta l w o rk  is  shown  
in  fig . (8 . 1) and photographs o f the p h y s ic a l eq u ip m en t in  f ig . (8 . 2 
(a ) ) and (8 .2  (b) ).
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8 .1 .  1 T h e  b a lan ce  s ta ff a s s e m b ly , in  o rd e r  to m a in ta in
the o s c illa t io n  o f the e x p e r im e n ta l sys tem  the a d d itio n  o f 
e n e rg y  to the b a lan c e  is  a re q u ire m e n t. In  the p re s e n t  
dev ice  the coup ling  o f e n e rg y  in to  the o s c il la to r  is  by eddy  
c u r re n t  in te ra c t io n  b e tw een  a ro ta tin g  m a g n e tic  f ie ld  and  
an a lu m in iu m  ro to r . T h is  m o to r  s ys te m  co n s is ts  o f a 
m o d ifie d , two phase, m in ia tu re  d ra g  cup m o to r  type H M 3 /  5 
m ad e by Sm iths In d u s tr ie s . T h e  o r ig in a l co p p er ro to r  is  
re p la c e d  by  an  0. 07 5 m m . wa.ll th ic kn es s  a lu m in iu m  
c y lin d e r . T h e  lo w  m a ss  o f the r o to r  en su re s  a low  m o m e n t  
o f in e r t ia .  T h e  f r ic t io n  lo s s e s  o f the r o to r  s y s te m  a r e  kep t 
to a m in im u m  by the use o f 0. 09 m m . d ia m e te r  p iv o ts  and  
je w e ls . A  c ro s s  s ec tio n  o f the m o to r  show ing its  
p r in c ip le  p a r ts  is  g iven  in  fig . (8 . 3) and a c lo se  up 
p h o to graph  in  fig . (8 . 2 (b) ). A  m e th o d  o f le v e llin g  the base  
p la te  is  p ro v id e d  to en su re  the v e r t ic a l  m o u n tin g  o f the s ta ff.
8. 1. 2 E n e rg y  input. E n e rg y  is  added to o r  e x tra c te d  f ro m  the
o s c il la to r  in  the fo rm  o f to rq u e  p u lses  d e liv e re d  b y  the  
ro to r . T h e  d u ra tio n  and p o s itio n  o f these  p u lses  in  the  
o s c illa to r 's "  c yc le  is  d e te rm in e d  b y  a set o f p h o to ce lls  
a rra n g e d  a t a constant ra d iu s  f ro m  the  r o to r 's  a x is  o f 
ro ta tio n  (f ig . (8 . 4) ). T h e s e  p h o to ce lls  re c e iv e  l ig h t  f ro m  
a fix e d  la m p , m ounted  as shown in  f ig . (8 . 4 ), v ia  a v e r y  
s m a ll m i r r o r  a tta c h ed  to the r o to r .  Th u s  as the  ro to r  
o s c illa te s  the p h o to ce lls  a re  t r ig g e r e d  in  tu rn  and th e ir
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outputs used  to c o n tro l the sw itch in g  of the d r iv e  pu lses  
to the m o to r . T h e  p h o to ce lls  a re  b iased  such th a t they  
do not s a tu ra te  u n d e r the  m a x im u m  lig h t in p u t c o n d itio n s , 
and a peak  d e te c to r  e n su re s  tr ig g e r in g  of the d r iv e  c irc u its  
a t the c o r re c t  in s ta n t.
T h e  c o m p le te  m o to r  a s s e m b ly , shown in  f ig . (8 . 3 ), 
can be ro ta te d  about the r o t o r ’ s a x is  o f ro ta t io n  and its  
o r ie n ta t io n ,w ith  re s p e c t to a fix e d  sca le  g ra d u a te d  in  
d e g re e s , noted. T h u s  choosing an a r b it a r y  p o s it io n  o f the  
m o to r  a s s e m b ly , n e a r the z e ro  p o s itio n  on the  s c a le , to  
re p re s e n t the top dead c e n tre  datum  o f the o s c i l la to r ,  the  
p h o to ce lls  a r e  a r ra n g e d  w ith  re sp e c t to th is  da tu m  by  
s e ttin g  th e m  to g ive m a x im u m  output in  the re q u ire d  
p o s itio n s . T h e  e x p e r im e n ta l w o rk  in  th is  th e s is  m a ke s  
use o f tw o p h o to ce lls  spaced e q u a lly  about the  top  dead  
c e n tre  da tu m  o f the  p a r t ic u la r  o s c il la to r  u n d e r te s t.
T h is  c o n fig u ra tio n  en su re s  th a t the d r iv e  im p u ls e s  have  
an  e x t re m e ly  s m a ll e ffe c t upon the p e r io d -a m p litu d e _ 
c h a ra c te r is t ic  o f the o s c il la to r  ( is ) .  T h e  d ire c t io n  o f the  
d r iv e  im p u ls e  in  an y  p a r t ic u la r  c y c le  is  lo g ic a l ly  d e te rm in e d  
f ro m  the  d ire c t io n  o f the im m e d ia te ly  p re v io u s  im p u ls e  
and the  se ttin g  o f the d r iv e  lo g ic . Thus in  the in te r v a l  
d e te rm in e d  b y  the p h o to c e lls ' p o s itio n s  one w in d in g  o f the  
m o to r  is  su p p lied  w ith  a re fe re n c e  phase s ig n a l and the  
o th e r w in d in g  w ith  the le a d in g  o r  lag g in g  q u a d ra tu re  phase.
T h e  m a g n itu d e  o f the re s u lta n t to rq u e  is  d e te rm in e d  by- 
v a ry in g  the q u a d ra tu re  phase s ig n a l a m p litu d e . T h e  
a m p litu d e  o f the re fe re n c e  phase is  fix e d . T h e  m o to r  
w in d in g s  a re  c u rre n t  d r iv e n  in  o rd e r  to e s ta b lis h  the  
re q u ire d  ro ta tin g  m a g n e tic  f ie ld  w ith  a m in im u m  o f d e la y  
and thus a p p ly  u n ifo rm  to rq u e  to the ro to r  d u rin g  the  
im p u ls e . T h e  d r iv e  w a v e fo rm  is  a 2. 5 K H z  sq u are  w ave  
e q u a lly  d is tr ib u te d  about the e a r th  p o te n tia l. T h is  
fre q u e n c y , w h ich  is  chosen to m in im is e  lo s s e s .a n d  
m a x im is e  the a v a ila b le  to rq u e , is  d e r iv e d  f ro m  a q u a r tz  
c ry s ta l  c o n tro lle d  100  K H z  o s c il la to r .  Th u s  the  len g th  
o f the to rq u e  im p u ls e  can be syn c h ro n is ed  w ith  the  dem and  
s ig n a ls  f ro m  the p h o to c e lls  to  an a c c u ra c y  o f ±  Bps in  the  
m a n n e r  shown in  fig . (8 . 5).
8 . 1 . 3  O s c il la t io n  a m p litu d e  m e a s u re m e n t. A  s e p a ra te  la m p
and p h o to c e ll a re  c a r r ie d  in  the m o v ab le  su p p o rt shown in  
f ig . (8 . 4) and (8 . 2 ). T h e  p h o to c e ll and la m p  a r e  a r ra n g e d  
in  such a m a n n e r  th a t the p h o to c e ll re c e iv e s  l ig h t  f r o m  the  
la m p  v ia  the m i r r o r  on the ro to r  w hen the r o to r  is  in  a 
p a r t ic u la r  p o s itio n . T h e  su p p o rt c a r r ie s  a p o in te r  b e a r in g  » 
onto the  c ir c u la r  sca le . T h is  p o in te r  is  a d ju s ta b le  and can  
be a rra n g e d  to in d ic a te  the a m p litu d e  o f d e fle c tio n  o f the  
d e fle c te d  r o to r  f r o m  the  top dead c e n tre  p o s itio n . T h u s  
w hen the ro to r  is  o s c illa t in g  a t a g re a te r  a m p litu d e  th an  
th a t in d ic a te d  b y  the p o in te r  the output o f the p h o to c e ll
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f ig u re  (8 . 6 (a ) ). H e n c e , the a m p litu d e  m e a s u r in g  d evice  
is  m oved  a ro u n d  its  t r a c k  and the p h o to ce ll output pu lses  
m ove c lo s e r  to g e th e r u n til a t the m a x im u m  a m p litu d e  o f 
o s c illa t io n  th e y  m e rg e  (f ig . 8. 6 (b) ). P ro v is io n  is  m ade  
to a llo w  independent m e a s u re m e n t o f the c lo c k w is e  and  
a n ti-c lo c k w is e  a m p litu d e s  o f o s c illa t io n . T h e  a r ith m e t ic  
m e an  of the c lo c k w is e  and a n t i-c lo c k w is e  a m p litu d e  is  
taken  as the e x p e r im e n ta l v a lu e  o f T  , thus e lim in a t in g  the  
in flu e n ce  o f c o f eq u atio n  (7 . 12).
8 . 1 . 4  P e r io d  m e a s u re m e n t. E v e r y  seventh  o r e ig h th  p u lse  
f ro m  one o f the d r iv e  p h o to ce lls  is  fed  to a d ig ita l c o u n te r. 
In  the case o f d iv is io n  by  e ig h t the p e r io d  re c o rd e d  on the  
c o u n te r is  fo r  fo u r c o m p le te  c y c le s . T h e  a lte rn a t iv e  
d iv is io n  b y  seven  a llo w s  the d iffe re n c e  in  p e r io d  b e tw ee n  
a lte rn a te  h a lf  c yc les  to be d e te rm in e d . T h e  la t te r  
p ro v is io n  is  not used  in  the e x p e r im e n ta l w o rk  in  th is  
th e s is .
8 . 1 . 5  T h u s  the c o m p le te  d e v ic e  has the fo llo w in g  p r o p e r t ie s : -
(a ) E n e rg y  can be coupled in to  and out o f the o s c il la to r
w ith o u t d ire c t  e le c t r ic a l  o r  m e c h a n ic a l co n n ectio n s , 
and w ith o u t such side e ffe c ts  as re a c tio n  fo rc e s  a t the  
b a lan c e  s ta ff p iv o ts .
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(b) The  a m p litu d e , d u ra tio n , and phase, r e la t iv e  to the 
top dead c e n tre  p o s itio n  of the o s c il la to r ,  o f the  
a p p lie d  d r iv e  im p u ls e s  a re  a c c u ra te ly  and in d ep en d en tly  
c o n tro lla b le .
(c) A n  a c c u ra te  m eth o d  o f m e a s u r in g  the c lo c k w is e  and  
a n ti-c lo c k w is e  a m p litu d e s  of o s c illa t io n  o v e r a w ide  
ra n g e  is  a v a ila b le .
(d) T h e  p e r io d  of c o m p le te  c yc les  and h a lf  c yc les  a re  
e a s ily  and a c c u ra te ly  m e a s u ra b le .
(e) A  w ide  ran g e  o f com ponents can be coup led  to  the  
o s c il la to r  fo r  te s t p u rp o s e s . In  the p re s e n t th e s is  
on ly  s p rin g s  a re  m o u n ted  on the b a lan ce  s ta ff .
A  d e ta ile d  a n a ly s is  of a p p ara tu s  a c c u ra c y  is  g iv e n  in  
A p p e n d ix  V I .
8 . 1 . 6  E x p e r im e n ta l  s p r in g s . T h e  e x p e r im e n ta l s p r in g s ,
an e x a m p le  o f w h ich  is  shown in  f ig .  (8 . 2 (c )) ,  a re  o f a 
c o m p a ra b le  s ize  to those used in  c lo c k s . T h e  m a jo r i ty  
a re  o f ro u n d  w ir e  but s e v e ra l te s ts  w ith  s p rin g s  o f f la t  
s tr ip  a re  conducted to i l lu s t r a te  the a d d itio n a l e ffe c ts  
caused  by its  u s e . A l l  the sp rin g s  a re  c o n s tru c te d  o f a 
N i -S pan  constant m odulus a llo y , and the s p rin g s  a re  
em p lo ye d  s in g ly  on the o s c il la to r  in  a l l  the e x p e rim re n ts .
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In  a s im i la r  m a n n e r  to the la rg e  sca le  s p rin g s  em p lo yed  
in  the f re e  and fix e d  end e x p e r im e n ta l w o rk  the sp rin g s  a re  
a s s e m b le d  onto u n d r il le d  c o lle ts  and s e c u re d  w ith  an  
a d h es iv e . . T h e  c e n tre  o f the s p rin g  is  d e te rm in e d  fro m  
m e a s u re m e n ts  o f its  c o ils  and the c o lle t  d r i l le d  a c c o rd in g  
to the re q u ire m e n ts  o f the p a r t ic u la r  e x p e r im e n t. W ith  the  
s p rin g  m o u n ted  on the b a lan c e  s ta ff  the o u te r end is  fix e d  
b y  an  ad h es ive  to a s lo tte d  o u te r a n ch o r p o s t, a r ra n g e d  in  
such a p o s itio n  th a t the s p rin g  is  u n s tre s s e d . V a r io u s  
c o n tro lle d  m o v em e n ts  o f the an ch o r post and a n ch o r a r m  a re  
e m p lo ye d  in  o rd e r  to s im u la te  the e r r o r s  in  a s s e m b ly  found  
in  a p r a c t ic a l  s y s te m  ( f ig . (8. 7)). D e ta ils  o f the  a c c u ra c y  o f 
the s p rin g s  and th e ir  m o u n tin g  is  g iven  in  A p p e n d ix  V I .
8. 2 E x p e r im e n ta l re s u lts  w ith  round  w ir e  sp rin g s
T h e  e x p e r im e n ta l re s u lts  a re  shown in  f ig u re s (8 . ^ t o ^ 8 .11  ^
in c lu s iv e . T h e  a re a s  o f in te r e s t  a re  the in t r in s ic  change in  p e r io d  
w ith  a m p litu d e  (th a t is ,  the p e r io d  change o f a p e r fe c t ly  c e n tre d  
u n ifo rm  s p ira l  w ith  no m o u n tin g  e r r o r s )  and the in flu e n c e  on th is  
c h a ra c te r is t ic  o f the  co m m o n  m o u n tin g  e r r o r s .  T h e  e r r o r s  
in v e s tig a te d  in c lu d e  s p rin g  e c c e n tr ic ity  w ith  re s p e c t to  the a x is  
o f ro ta tio n , and co n stan t e r r o r s  in  the p o s itio n  and tan g en t a t the  
s p rin g 's  o u te r end. A ls o  o f p r im e  in te r e s t  is  the a d d it io n a l e ffe c t  
in tro d u c e d  b y  the fo rm a tio n  o f a c ra n k e d  o u te r te r m in a l  on the  
s p rin g . T h e  e x p re s s io n  used to c a lc u la te  the th e o re t ic a l v a lu e s  o f 
the p e r io d  change is  g iven  in  eq u atio n  ( 7 . 1 3 ) .
2. 1 S p r in g  ( i l )
T h e  p a ra m e te rs  o f s p rin g  (1 1 ), c e n tre d  to w ith in  the  
to le ra n c e s  d iscu ssed  in  A p p en d ix  V I ,  a r e  g iv en  in  T a b le  8 . 1 .  
A  c o m p a ris o n  of the th e o re t ic a l and e x p e r im e n ta l in t r in s ic  
p e r io d -a m p litu d e  c h a ra c te r is t ic  is  shown in  f ig u re  (8. 8 (a))_ 
T h e  th e o re t ic a l  c u rv e , o b ta ined  f ro m  eq u atio n  (7 . 13 ) is  
g iven  b y ;-
A t  =. 3 2 .^ . cos.o: (Jjr) -  r. (r ))------- s.i.
U) 0 ^  (1 -  v^)
and g ives  a t im e  d iffe re n c e ,n o t an ab so lu te  p e r io d . T h e
m a x im u m  tim e  d iffe re n c e  in  th is  case , o v e r the ra n g e  o f  
e x p e r im e n ta l a m p litu d e s , is  o f the o rd e r  o f 0. 03% o f the  
p e r io d  T . T h u s  the p o s itio n  o f the th e o re t ic a l c u rv e ,  
w ith .re s p e c t  to the e x p e r im e n ta l p lo t, is  s e le c te d  a r b i t a r i ly  
in  th is  and a l l  succeed ing  e x p e r im e n ts . T o  en ab le  a 
re a s o n a b le  p o r tio n  o f the  c h a ra c te r is t ic  to be d is p la y e d  a 
lo w  in i t ia l  v a lu e  o f o s c il la to r  a m p litu d e  (c o n s id e ra b ly  lo w e r  
th an  th a t in  any p r a c t ic a l  c lo c k  o r w atch ) is  e m p lo ye d  
th ro u g h o u t the  fo llo w in g  e x p e r im e n ts .
T h e  dotted  c u rv e s  o f f ig . (8 . 8 (a ) ) g ive  the l im i t s  o f 
the  m a x irn u m  e s tim a te d  d e v ia tio n  o f the  th e o re t ic a l  c u rv e  
due to the e r r o r s  d e ta ile d  in  A p p en d ix  V I  in  equations  (V l .  5), 
(V I .  6 ), (V I.  7) and (V l .  8 ). T h e  m a jo r  p o r t io n  o f th e "d e v ia tio n  
d e r iv e s  f ro m  an u n c e r ta in ty  o f up to 13 m ic ro n s  in  the
p o s itio n  of the c e n tre  o f the s p rin g  w ith  re s p e c t to the 
a x is  o f ro ta tio n . T h e  a g re e m e n t b e tw een  the th e o re t ic a l  
and e x p e r im e n ta l c u rv e s  is  good and w ith in  the l im its  
exp ected  f ro m  the a n a ly s is  o f A p p en d ix  V I .  T h e  s lig h t 
s c a tte r  in  the e x p e r im e n ta l po in ts  in  th is  and subsequent 
te s ts  is  p ro b a b ly  due to v e r y  s m a ll v a r ia t io n s  in  the p iv o t 
f r ic t io n  d u rin g  the c yc le . A  sca le  lin e  o f lOOps is  shown in  
f ig . (8 . 8 (a ) ) and a l l  subsequent g raphs  to fa c il i ta te  the  
c o m p a ris o n  o f re s u lts .
In tro d u c tio n  o f a s m a ll know n e r r o r  (  ^ = - 1 °  ) in
the tan g en t a t the spring's o u te r  end m o d ifie s  the in t r in s ic  
cu rv e  as shown in  f ig . (8 . 8 (b) ). A g re e m e n t b e tw ee n  the  
th e o re t ic a l and e x p e r im e n ta l c u rv e s  is  good and w ith in  the  
l im its  shown. F u r th e r  m o d if ic a t io n  o f the in t r in s ic  c u rv e  
is  caused b y  the  in tro d u c tio n  o f p o s itio n a l and ro ta t io n a l  
e r r o r s  a t the s p r in g 's  o u te r  a n c h o r. T h is  is  i l lu s t r a te d  in  
fig . (8 . 8 (c ) ) ,w h e re  the  v a lu e s  o f A x  , A y  and 5 a re  
s m a ll and w e ll  w ith in  the ty p ic a l p o s it io n a l to le ra n c e  band  
o f the o u te r  an ch o r o f a m a ss  p ro d u c e d  s p rin g . T h e  
th e o re t ic a l c u rv e  o f f ig . (8 . 8 (c) ) is  o b ta ined  fro m  eq u a tio n  
(7 . 13) and is  g iven  b y :-
A t  = 32.u. v^  cos O' fj ( r ) _ r  J. (  ^))
JU
2
- 1 6 . T T . V  . Jq ( r  )
(u ( i - v ^ )
A xc  . sin.cr. -  Ay^.cos.c^ -  6^.0^. cos.b
8.2
T h e  s m a ll d if fe re n c e  b e tw ee n  the c u rve s  o f fig . (8 . 8 (b) ) and
fig . (8. 8 (c) ) is  due to the fa c t th a t the p o s itio n a l e r r o r
p a r t ia l ly  can ce ls  the e ffe c t o f the  in c re a s e d  tan g en t
e r r o r  S - c
8. 2. 2 S p rin g  (12 )
A d d itio n  o f a c ra n k e d  o u te r  end te r m in a l  to a s p rin g  g ives  
r is e  to a m o d if ic a t io n  o f the p e r io d -a m p litu d e  c u rv e .
T h e  p e r io d -a m p litu d e  c h a ra c te r is t ic  fo r  s p r in g  (1 2 ), 
m o u n ted  to the to le ra n c e  d e ta ile d  in  A p p en d ix  V I ,  and h av in g  
a c ra n k e d  o u te r te r m in a l  o f t)?pical d im e n s io n s , is  shown  
in  f ig . (8. 9 (a ) ). T h e  p a ra m e te rs  o f s p rin g  (12 ) a re  g iven  
in  T a b le  8. 2. T h e  a d d itio n  to the in t r in s ic  p e r io d  
a m p litu d e  c h a r a c te r is t ic  caused b y  the fo rm a tio n  o f the  
c ra n k e d  te r m in a l  is  g iven , fro m  eq u atio n  (7 . 13 ) b y :-
-  ^6 n  -  r.J^  { r ) | |K ^ .c o s .c r '+ K y .s in f f ' j
 -----------  83.
A ls o  p lo tte d  in  f ig . (8 . 9 (a ) ) is  the th e o re t ic a l in t r in s ic
p e r io d  a m p litu d e  c u rv e  fo r  an  e q u iv a le n t u n ifo rm  s p ir a l
o b ta in ed  f ro m  eq u atio n  ( 8 . 1 ) .  I t  is  seen th a t the in tro d u c tio n
o f a c ra n k e d  te r m in a l  has a c o m p a ra tiv e ly  s m a ll e ffe c t
upon the shape o f th is  c h a r a c te r is t ic .  T h e  e x p e r im e n ta l
and th e o re t ic a l re s u lts  w ith  an e r r o r  5 in  the o u te r end
c
tan g en t o f 1 . 9° is  shown in  fig . (8 . 9 (b) ). I t  is  n o te w o rth y  
th a t an o u te r  tangent e r r o r  o f th is  o rd e r  is  r e a d i ly
s p rin g  tu rn s . F u r th e r  c o m p a ra tiv e ly  la rg e  know n e r r o r s  
in  the o u te r  end p o s itio n  and tangent produces  the p e r io d -  
a m p litu d e  c h a ra c te r is t ic  shown in  f ig . (8 . 9 (c ) ). A ls o  
d ra w n  in  th is  f ig u re  a re  the components (1 ), (2) ,  (3) and (4) 
o f the th e o re t ic a l  c h a r a c te r is t ic .  T h e s e  com ponents co n sis t 
o f groups o f te rm s  fro m  eq u atio n  (7 . 13) and a re  g iv en  b y :-
d>
A t = 32ttv^  (Jq (r) - r (r)] COS cr' + K cos cr^  + K s in  o"'"
2a 2a
. 0 .
16 TT V . A x  . s in  cr + c
Z 7 “
a u) 6 ( 1 - v  )
Jo ( r )
16 TT V  . A y  CO S O * '  J ( F )
___________________C__________________   ^ o
2 4
a oj 6_ (1 “V )
8 .4
16 -nv . (e ^  + m ) . 6 cos cr'
UJ 6^ ( 1 -v ^ )
Xj
Jo (r )
G ro u p  (1) is the in t r in s ic  p e r io d ic  tim e  in c re m e n t
p lu s  the a d d itio n a l te rm s  due to  the p re s e n c e  of a c ra n k e d
o u te r te r m in a l .  G ro u p  (2) ,  (3) and (4) a re  the  a d d itio n a l
changes in  p e r io d  caused by the e r r o r s  A x ,  A y  , and
c c
8 ^ a t the  s p r in g ’ s o u te r end in  c o m b in a tio n  w ith  a f in ite  
c o lle t .  The  a g re e m e n t be tw een  the shapes o f the  
th e o r e t ic a l  and e x p e r im e n ta l c u rve s  o f f ig s . (8 .'9  (a ), (b) 
and (c) ) is  good and w ith in  the exp ec ted  l im i t s .
8 . 8 . 3  S p rin g  (13)
E c c e n tr ic i ty  o f th e  s p rin g  c e n tre , w ith  re s p e c t to the
a x is  o f ro ta t io n , can g ive  r is e  to  a la rg e  change in  the
p e r io d  a m p litu d e  c h a r a c te r is t ic .  T h is  is  shown in  f i g .
(8 . 10 (a) ) fo r  s p rin g  (1 3 ), w h e re  th e  d e g ree  o f
e c c e n tr ic ity  aX is  70 m ic ro n s . T h e  p a ra m e te rs  o f s p rin g
(13) a re  g iven  in  T a b le  8 .3  and the th e o re t ic a l c u rv e  is
p lo tte d  f r o m  the  f i r s t  fo u r  te rm s  o f eq u atio n  ( 7 . 1 3 ) .  The
v a lu e  o f a X is  s m a ll c o m p a re d  w ith  the s p rin g  p itc h  and
s m a ll w ith  re s p e c t to  co m m o n  c o m m e rc ia l to le ra n c e s .
T h e  in tro d u c tio n  o f a know n e r r o r  6 in  the o u te r  end  
■ c
tan g en t re s u lts  in  fu r th e r  changes in  p e r io d  a s s o c ia te d  w ith  
both the  e c c e n tr ic ity  and the f in ite  c o lle t .  T h e  th e o r e t ic a l  
re la t io n s h ip  is  th a t d e s c r ib e d  in  equation  ( 8 . 5 )  w hen  
A x  , A y ^  = 0 ,  and the  e x p e r im e n ta l re s u lts  a re  shown
in  f ig .  ( 8 . 1 0  (b) ).  W hen know n e r r o r s  in  p o s itio n  and  
tan g en t a t the  o u te r  end a re  p re s e n t, to g e th e r w ith  sp rin g  
e c c e n tr ic ity , te n  te rm s  of eq u atio n  (7 . 13) a re  re q u ire d  to  
d e s c rib e  the p e r io d  a m p litu d e  c h a r a c te r is t ic .  The  
e x p e r im e n ta l and th e o re t ic a l c h a r a c te r is t ic  fo r  s p rin g  
(13 ) a re  shown in  f ig .  (8 . 10 (c) ), to g e th e r w ith  com ponents  
(1 ), (2 ), (3) and (4) o f the th e o ry  p lo t. T h ese  com ponents  
a re  g iven  by; -
A t  =
32 n V cos g- 
7 4
“  6  ( 1 - V  )
(r ) - r Jj ( r  )
8 n X J j  ( r  ) 4- 16 n X sin.e ( F )
r (!) (i-v^)
JLi
-  16 TT v^  X s in  (q-4- e) ( F ) -  2 (2 F ) j
Ü). 6^ . ( 1  -v ^ )  
hi
4- 16 TT
(û ( i - v '^ )
Ax^ s in  cr A y  cos cr -  6 & cos crC . hi c Jo
J, ( r )
8 TT X
2 2 r
JU
A X A y • C O
c  C O S  e -  ^  c . s i n  e -  6  . 8 _  . s i n  e
c Li
- 8 . 5
; , Gr oup  (1) is  th e 'in t r in s ic  change in  p e r io d  and group  (2) is  
due to the  c o m b in a tio n  o f a f in ite  c o lle t w ith  an e c c e n tr ic  
s p rin g . Groiç» s (3) and (4) a re  due to c o m b in a tio n  of s p rin g  
o u te r  end e r r o r s  w ith  the f in te  c o lle t  and e c c e n tr ic ity .
T h e  a g re e m e n t b e tw een  the th e o re c t ic a l and e x p e r im e n ta l  
c u rv e s  o f f ig s .  (8 . 10) is  good and o f the e xp ec ted  o r d e r .
8 . 2 . 4  S p rin g  (14 )
F ig .  (8 . 11 (a) ) i l lu s t r a te s  the e ffe c ts  o f a la rg e  
e c c e n tr ic ity  (aX = 0 . 2 7  m m ) upon the  p e r io d  a m p litu d e  
c h a r a c te r is t ic  fo r  s p rin g  (1 4 ). D e ta ils  o f s p r in g  (14 ) a re  
g iv en  in  T a b le  8 . 4 .  In  g e n e ra l i f  the  e c c e n tr ic ity  is  la rg e  
the  in t r in s ic  c h a r a c te r is t ic  is  n e g lig ib le  in  c o m p a r is o n  w ith  
the v e r y  la rg e  p e r io d  changes caused by the  e c c e n tr ic ity .
In  a s im i la r  m a n n e r  to the tes ts  on s p rin g  (1 3 ), a know n  
e r r o r  in  the o u te r  end tan g en t is  in tro d u c e d  in  s p rin g  (14) 
to  g ive  the  c h a r a c te r is t ic  o f f ig .  ( 8 . 1 1  (b) ).  I f  p o s it io n a l  
o u te r  end e r r o r s  a re  c o n s id e re d  in  a d d itio n , f ig .  ( 8 . 1 1  (c ) ) 
re s u lts .  F ig .  ( 8 . 1 1  (c) ) a ls o  g ives  the th e o r e t ic a l  
com ponents (1 ), (2 ), (3) and (4) o f the to ta l th e o r e t ic a l  p lo t .
T h ese  com ponents a re  g iven  in  eq u atio n  ( 8 . 5 ) .  The  
changes in  p e r io d  w ith  a m p litu d e  due to the e c c e n tr ic ity  
p lu s  the o u te r  end e r r o r s  is  v e r y  la r g e , and i l lu s tr a te s  the 
cr oss  coup ling  o f e r r o r s  that can o c cu r w ith  an e c c e n tr ic  
s p rin g .
8 .2  ..E x p e r im e n ta l  re s u lts  w ith  f la t  s tr ip  sp rin g s
T h e  e x p e r im e n ta l re s u lts  a re  shown in  f ig s . ( 8 . 1 2 ) ,  ( 8 . 1 3 )  
and (8.  1 4 ). O n ly  the  in t r in s ic  change in  p e r io d  w ith  a m p litu d e  is  
in v e s tig a te d .
T h e  e x p e r im e n ta l sp rin g s  a re  m o u n ted  on th e ir  c o lle ts  by 
eye such th a t th e ir  p lane is  as n e a r  p e rp e n d ic u la r  to  the a x is  o f 
ro ta t io n  as p o s s ib le . The  sp rin g s  a re  c e n tre d  to w ith in  the  l im it s  
d iscu ssed  in  A p p e n d ix  V I .
8 . 3 . 1  S p rin g  (15)
T he  p a ra m e te rs  o f s p rin g  (15 ) a re  g iven  in  T a b le  8 .5  
and the  e x p e r im e n ta l p lo t o f the p e r io d  a m p litu d e  
c h a r a c te r is t ic  in  f ig .  (8 . 1 2 ). A ls o  p lo tte d  in f ig .  (8 . 12.) 
is  the  in t r in s ic  th e o re t ic a l  p e r io d  a m p litu d e  c h a r a c te r is t ic  
c a lc u la te d  f r o m  equation  (8 . 1 ). T h e re  is  a m a rk e d  
d is a g re e m e n t be tw een  th e  th e o re t ic a l p re d ic t io n  (b ased  
on round  w ir e  th e o ry ) and the  e x p e r im e n ta l r e s u lt .
8 . 3 . 2  S p rin g  (16)
The  p a ra m e te rs  o f s p rin g  (16) a re  g iven  in  T a b le  8 .6  
and the e x p e r im e n ta l re s u lts  in  f ig . ( 8 . 1 3 ) .  The  in tr in s ic  
c u rv e  p lo tte d  in  f ig .  (8 . 13) is  ob ta in ed  f r o m  eq u atio n  (8 . 1 ). 
The a g re e m e n t betw een  the th e o re t ic a l  p re d ic t io n  and  
e x p e r im e n ta l r e s u lt  is  o f a s im i la r  o rd e r  to th a t o b ta in ed  
in  the  round  w ir e  s p rin g  e x p e r im e n ts .
8 . 3 . 3  S p rin g  (17)
S im i la r ly  to  sp rin g s  (15 ) and (16 ) the s p rin g  p a ra m e te rs  
a re  g iv en  in  T a b le  8 . 7 .  and the  e x p e r im e n ta l re s u lts  in  
f ig ,  (8 . 1 4 ). T h e re  is  a good a g re e m e n t b e tw een  the  
th e o re t ic a l  p re d ic t io n  and the  e x p e r im e n ta l r e s u lt  fo r  
a m p litu d e s  g r e a te r  than  2 2 0 ° .  H o w e v e r fo r  a m p litu d e s  le s s  
th an  220°  the th e o re t ic a l  and e x p e r im e n ta l re s u lts  
d iv e rg e  r a p id ly .
8 .4  D is c u s s io n  of re s u lts
8 . 4 .  1 R ound w ire  s p rin g s
T h e  a g re e m e n t b e tw een  the  th e o r e t ic a l  p re d ic t io n s  f r o m  
e q u atio n  ( 7 . 1 3 )  and the  e x p e r im e n ta l re s u lts  in  f ig s .  (8 . 8) 
to  ( 8 . 1 1 )  is  w ith in  the l im it s  d is cu s s ed  in  A p p e n d ix  (V l ) .  
H en ce  equation  ( 7 , 1 3 )  can  be used to  fo rm u la te  g e n e ra l  
s p rin g  design  ru le s  and g ive  d e ta ile d  d es ig n  in fo rm a tio n  
fo r  round w ir e  s p r in g s .
T h e  in t r in s ic  change in  p e r io d  w ith  a m p litu d e  in  a 
ty p ic a l c o m m e rc ia l  s p rin g  is  s m a ll w ith  r e s p e c t  to the  
p e r io d  change p ro d u ced  by ty p ic a l a s s e m b ly  and m o u n tin g  
e r r o r s .  The  m o s t im p o r ta n t e r r o r  in  m o u n tin g  is  
e c c e n tr ic ity  o f the s p rin g  w ith  re s p e c t to  the a x is  o f  
ro ta t io n , ow ing to the  e x tre m e  s e n s it iv ity  shown by  
eq u atio n  (7 . 13) to  the v a lu e  o f X . T h is  is  iU q s tra te d  
in  th e  re s u lts  fo r  s p rin g s  (13) and (14 ) o f s ec tio n  8 . 2 .
T h u s , a lthough  i t  can be shown th a t the a p p lic a tio n  o f a 
P h ill ip s  te r m in a l  (s e c tio n  1 . 1 )  to an in v o lu te  s p ir a l  s p rin g  
re d u c e s  the in t r in s ic  change in  p e r io d  w ith  a m p litu d e  to  
n e g lig ib le  p ro p o rtio n s , w hen th e re  a re  m o u n tin g  and  
a s s e m b ly  e r r o r s  p re s e n t c ro ss  p ro d u c t te r m s  o b ta in ed  
in  th e  d e r iv a t io n  o f eq u atio n  (7 , 13) m o d ify  the  p e r io d  
a m p litu d e  c h a r a c te r is t ic  c o n s id e ra b ly . T h is  m o d if ic a t io n  
is  such th a t the a d d itio n  of a P h il l ip s  te r m in a l  does n o t 
g e n e ra lly  im p ro v e  the is o c h ro n is m  o f the  o s c il la to r  and, 
u n less  the  s p rin g  is  fo rm e d  and m o u n ted  to  v e r y  h ig h  
s ta n d a rd s , m u ch  o f the advantage o f a c o r r e c t iv e  o u te r  
te r m in a l  is  re m o v e d . T h u s , due to  the in flu e n c e  o f e r r o r s  
in  a s s e m b ly  and m o u n tin g , ta i lo r in g  o f the o s c il la to r  
p e r io d  a m p litu d e  c h a r a c te r is t ic  to  a p a r t ic u la r  fu n c tio n ,  
as m e n tio n e d  in  the In tro d u c tio n  (S ectio n  1 . 1 ) ,  is  p o s s ib le
o n ly  w ith  e x tre m e ly  s tr in g e n t s p rin g  q u a lity  c o n tro l. The  
d e g re e  o f c o n tro l re q u ire d  is  no t g e n e ra lly  a cc e p ta b le  w ith  
m a s s  p ro d u c e d  o s c il la to rs  on eco n o m ic  g ro u n d s . H o w e v e r ,  
g iven  the m a x im u m  v a lu e s  o f the  in a c c u ra c ie s  on the  
a s s e m b ly  and m o u n tin g  o f a p a r t ic u la r  sp rin g  on an  
o s c i l la to r ,  i t  is  fe a s ib le  to c a lc u la te  the m a x im u m  v a r ia t io n  
in  g ra d ie n t o f the  p e r io d  a m p litu d e  c h a r a c te r is t ic  a t a 
p a r t ic u la r  a m p litu d e . T h a t is ,  a t , fo r  e x a m p le , an  
a m p litu d e  of 220°  the m a x im u m  la c k  of is o c h ro n is m  of 
the  o s c il la to r  due to  the s p rin g  n o n - l in e a r i t ie s  can be 
quoted , as in  eq u atio n  ( 7 . 1 4 ) ,  as p lus  a c e r ta in  n u m b e r o f 
seconds p e r  d ay , and m in u s  a c e r ta in  n u m b e r o f seconds  
p e r  day p e r  d e g re e  change in  a m p litu d e  about 2 2 0 ° .  I f  
the  ra n g e  of a m p litu d e  o f the  o s c il la to r  is  la rg e  as in  a  
s p rin g  d r iv e n  c lo ck  o r  w atch  the fo llo w in g  m o re  c o m p le x  
ap p ro ac h  is  r e q u ir e d : -
E q u a tio n  (7 . 13) is  u sed  to p lo t the  l im it in g  p e r io d  a m p litu d e  
c h a ra c te r is t ic s  w ith  the m a x im u m  v a lu e s  o f m o u n tin g  and  
a s s e m b ly  e r r o r s  o v e r  the ra n g e  o f a m p litu d e s  r e q u ire d .
T h e n , g iven  the c u rv e  re la t in g  the change in  a m p litu d e  
to  t im e  f r o m  the  m a in s p r in g  be ing  fu l ly  w ound, the  m a x im u m  
e r r o r  in  t im e k e e p in g  o v e r a g iv en  p e r io d  o f t im e  ( fo r  
e x a m p le  one day) is  e s t im a te d . A  d es ig n  e x a m p le  o f a 
m u lt ip le  s p rin g  o s c il la to r  w ith  an a m p litu d e  o f 2 20 °  ± 1 0 °  
is  g iven  in  A p p e n d ix  V I I .
8 . 4 . 2  F la t  s tr ip  sp rin g s
T h e  in t r in s ic  p e r io d  a m p litu d e  c h a r a c te r is t ic  o f the
th re e  e x p e r im e n ta l f la t  s tr ip  sp rin g s  a re  shown in  f ig s .
( 8 . 1 2 ) ,  ( 8 . 1 3 )  and ( 8 . 1 4 ) .  A  c o m p a ris o n  o f th ese  re s u lts
g iv es  r i s e  to the fo llo w in g  po in ts  o f in te r e s t : -
(a) F ig s .  (8 . 12) and ( 8 . 1 4 )  show an o rd e r  o f d is a g re e m e n t
be tw een  the th e o re t ic a l  in t r in s ic  c h a r a c te r is t ic ,  f r o m
equation  (8 . 1 ), and the e x p e r im e n ta l p o in ts ,w h ic h  is
c o n s id e ra b ly  g r e a te r  than  th a t found w ith  ro u n d  w ire
e x p e r im e n ta l s p r in g s . F o r  s p rin g  (16 ) in  f ig .  (8 . 13)
the  a g re e m e n t is  m u ch  n e a .re r to  the o rd e r  o b ta in ed
w ith  ro u n d  w ir e ,  and i t  is  n o ted  th a t the  o n ly  s p rin g
p a ra m e te r  th a t is  a lte re d  a p p re c ia b ly  is  the  c o lle t
ang le  cr . The  c o lle t  ang le  is  50° fo r  s p rin g  (15) ,
180°  fo r  s p rin g  (16 ) and 100°  fo r  s p rin g  (17) .  T w o
p o s s ib le  exp la n a tio n s  a re :  (1 ) th a t fo r  s p r in g  (16 )
th e re  is  no d is tu rb a n c e  o f the second m o m e n t o f a r e a
o f the  s p r in g 's  c r o ss  s ec tio n  as p o s tu la te d  in  sec tio n
7 ,5 . . ,  and co n seq u en tly  th a t eq u atio n  ( 8 . 1 )  a p p lie s
*
e x a c tly  to  s p rin g  (16 ) o r; (2 ) th a t the a d d itio n a l te rm s  
in  the  equation  o f m o tio n  of the s y s te m  (show n in  
eq u atio n  ( 7 . 1 8 )  ), ta k in g  account o f v a r ia t io n s  in  the  
second m o m e n t o f a re a  o f the s p r in g 's  c r o s s  s e c tio n , 
cause a v a r ia t io n  o f p e r io d  th a t is  dependent upon the  
c o lle t ang le  q- • F u r th e r  w o rk  is  re q u ire d  to  
e lu c id a te  the p ro b le m .
(b) The  g e n e ra l shape of the e x p e r im e n ta l and th e o re t ic a l  
r e s u l t s  fo r  s p rin g s  (15) and (16) ( f i g . s ( 8 . 1 2 )  and
( 8 . 1 3 )  ) a re  s im i la r ,  a lthough  fo r  s p rin g  (15)  the 
g ra d ie n t is  m a rk e d ly  d if fe r e n t .  H o w e v e r in  the re s u lts  
fo r  s p rin g  (17)  th e re  is  a ra p id  d ,ivergence o f the  
e x p e r im e n ta l and th e o re t ic a l c u rve s  fo r  an a m p litu d e  
o f l ess  th an  2 2 0 ° .  E x p la n a tio n s  o f th is  e ffe c t, s im i la r  
to those p o s tu la te d  in  (a) above , a re  p o s s ib le . F o r  
e x a m p le , the change in  second m o m e n t o f a re a  o f the 
s p r in g 's  c r os s  s ec tio n  could  be s m a ll in  the case of 
s p rin g  (15) ,  z e r o  fo r  s p rin g  (16 ) and la rg e  f o r  s p rin g  
( 17) .  I t  is to be no ted  th a t no t i l t  o f the  p la n es  o f the  
e x p e r im e n ta l sp rin g s  w as o b s e rv e d .
(c) T h e  to ta l ra n g e  o f e x p e r im e n ta l change o f p e r io d  w ith  
a m p litu d e  is  s im i la r  in  the th re e  cases c o n s id e re d  
a lthough  the  c o lle t  ang le  cr v a r ie s  c o n s id e ra b ly .
A ls o , the  d ire c t io n  of c u rv a tu re  o f the e x p e r im e n ta l  
c u rv e  is  the sam e as th a t o f the in t r in s ic  th e o re t ic a l  
c h a r a c te r is t ic .
I t  is  e v id e n t th a t fu r th e r  w o rk  is  re q u ire d  to  b r in g  the  
a n a ly s is  o f f la t  s tr ip  s p rin g s  to a s ta te  c o m p a ra b le  
w ith  th a t d eve lo p ed  fo r  ro u n d  w ir e .  T h is  w i l l  be the 
d ire c t io n  o f a fu tu re  in v e s tig a tio n .
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9. . C O N C L U S IO N S
T h e  n o n - l in e a r  d y n a m ic  b e h a v io u r, due to  the 
g e o m e tr ic  n o n - l in e a r i t ie s  of the h a irs p r in g , of the  
b a lan ce  w h e e l and s p ir a l  h a irs p r in g  o s c il la to r  has been  
in v e s tig a te d  th e o re t ic a l ly  and e x p e r im e n ta lly . The  
fo llo w in g  conclus ions  a re  d ra w n  f r o m  the a n a ly s is  
and e x p e r im e n ta l w o r k : -
9» 1 T h e  f r e e  end s p rin g  m o d e l p ro v id e s  a co n ven ien t
and u s e fu l to o l fo r  the in v e s tig a tio n , s ince  i t  is  shown  
in  s ec tio n  7 .3  th a t, fo r  s p rin g s  m a n u fa c tu re d  of round  
w ir e ,  the p e r io d  a m p litu d e  c h a r a c te r is t ic  is  g iv en  
im p l ic i t ly  in  te rm s  of the f re e  end d e fle c tio n s .
9 *2  T h e  shape of the p e r io d  a m p litu d e  c h a r a c te r is t ic
of an o s c il la to r  equ ipped w ith  a round w ir e  h a irs p r in g
is  d e s c r ib e d  to an a c c e p ta b le  d e g re e  of a c c u ra c y  by  
e q u atio n  (7 .1 3 )  in  s e c tio n  7 .4 .  T h is  eq u atio n  g ives  the  
3  change in  p e r io d  w ith  a m p litu d e  in  te rm s  of the  s p rin g s  
g e o m e tr ic  p a ra m e te rs  and in c lu d es  the in flu e n c e  of the  
m o s t com m on fo rm s  o f m a n u fa c tu r in g  and m o u n tin g  
e r r o r s .  In  m a n y  c o m m e rc ia l  q u a lity  s p rin g s  the  shape  
of the p e r io d  a m p litu d e  c h a ra c te r is t ic  is  d e te rm in e d  by  
these e r r o r s  and the  in t r in s ic  change in  p e r io d  is  
n e g lig ib le . T h u s ,ta ilo r in g  the c h a r a c te r is t ic  to  a 
re q u ire d  fu n c tio n  is  no t p ra c t ic a b le  w ith o u t e x t r e m e ly  
h ig h  s tan d ard s  of q u a lity  c o n tro l.
9 *3  E x a m in a tio n  of equation  (7 .1 3 )  enab les  g e n e ra l
d es ig n  ru les , fo r  m in im is in g  the in flu e n ce  of the 
h a irs p r in g  on the is o c h ro n is m  of the o s c il la to r ,  to  
be fo rm u la te d . T h a t is ,  the h a irs p r in g  is  d es ig n ed  to  
have the fo llo w in g  p ro p e r t ie s
a ) A s  la rg e  a n u m b e r of tu rn s  as p o s s ib le ,
c o n s is ta n t w ith  adequate  vertica l s tiffn e s s .
b) A s  s m a ll  a c o lle t  as p o s s ib le .
c) A s  s m a ll  a s p r in g  e c c e n tr ic ity  as p o s s ib le . T h is
te r m  is  u s u a lly  the m a jo r  fa c to r  c o n tro llin g  the  
is o c h ro n is m  of the s p r in g .
d) A s  s m a ll  a v a lu e  of o u te r anchor e r r o r  
(/\x^ , A y^ , 6 ^) as p o s s ib le .
e ) T h e  a d d itio n  of a c ra n k e d  o u te r  te r m in a l ,  a s m a ll  
in n e r  c ra n k ,o r  c lo s e ly  f it t in g  cu rb  p in s ,h as  
g e n e ra lly  a m in o r  in flu e n c e  on the shape of the  
p e r io d  a m p litu d e  c h a r a c te r is t ic  p ro v id e d  the  
s p rin g  e c c e n tr ic ity  is  s m a ll .
D e ta ile d  c a lc u la t io n  of s p r in g  p a ra m e te rs  f r o m  
eq u atio n  ( 7 .1 3 ) ,  is shown in  the d es ig n  e x a m p le  
of A p p e n d ix  ( V I l ) .
9 .4  T h e  a n a ly s is  of the p ro b le m  w ith  s p rin g s  of f la t
s t r ip  is c o m p lex  as noted  in  sec tio n s  3 .6  and 7 . 5 , and  
the d e r iv a t io n  of a d es ig n  fo rm u la  s im i la r  to  eq u a tio n  
(7 .1 3 )  re q u ire s  c o n s id e ra b le  fu r th e r  w o rk . The
e x p e r im e n ta l notes on f la t  s t r ip  sp rin g s  in  th is  th es is  
a re  in ten d ed  only  to  i l lu s t r a te  the e r r o r s  caused by  
the use of f la t  s t r ip ,  ' and to in d ic a te  the d ire c t io n  of 
fu tu re  re s e a rc h . H o w e v e r , f ro m  the l im ite d  
e x p e r im e n ta l re s u lts  o b ta in ed  the fo llo w in g  te n ta tiv e  
and u s e fu l conclusions can be d ra w n :-
a ) T h e  g e n e ra l d es ig n  ru le s  of s ec tio n  9 .3  a p p ly  
e q u a lly  to f la t  s t r ip  s p rin g s .
b) T h e  change in  p e r io d  w ith  f la t  s t r ip  s p rin g s  is  
g r e a te r  th an  th a t p re d ic te d  f ro m  round  s p rin g  
th e o ry  (eq u atio n  (7 .1 3 ) ) .
A P P E N D IX  I
1 .1 T h e  B a s ic  F r e e  End S p rin g
S m a ll changes in  E  and b a re  c o n s id e re d  fo r  a s m a ll change  
in  the len g th  s. T h is  is  shown in  F ig .  ( 1 .1 ). C o n s id e rin g  the  
s m a ll e le m e n t ôs o f the s p ir a l  and w ith  A  E  p a r a l le l  to B C ,
6 s Rtf 6 b E.Ô \^£ 
and 6 E  b . ôvjf ^
T h e n  , in  the l im i t  as &s o
db
d t
d ^ E
and —  = E  +
ds
d t
db
ds
d L = e 1 . 1
w h e re  f  £ ~ ra d iu s  o f c u rv a tu re  o f the f r e e  end s p rin g  a t s 
N ow  fo r  the c ir c u la r  in v o lu te :-  
/  K 8 ^
t  r ~ 6  +  —7 “ ( f ro m  eq u atio n  ( 3 .4 ) )1 z
and
s =
d ^ E
k 2 (1 +  K $  3  -  J l  + 2 K f
dll) 2 ®  K J i  + EKf. 3 .6
E q u a tio n  (3 . 6 ) can be so lved  d ir e c t ly  u s in g  the L a p la c e  t r a n s fo r m  
and the s u b s titu tio n :-
^  =  a  + 2 K i , f )
to g i v e : -
n
f i g . x .\.
E  = I ^ . c o s . ^ ^ + a s i n , ^  + a g .  s / ^ COS
tTT
2 K
+ a*= i  a . 1 /TT ^ / l l . / t T TC O S . -  - g . s i n . -  +  a / g  . C g   ^ sxn,
TT
a / —-  < sin
trr
2 K '^5 ' "°" (ÿ
and b - a 1 , 1 , /  TT r.-  C O S . -  + a s i n . -  + a / g .  s , y-sin tn
2 K
+ 1 a . 1a C O S  -  -  -  sxn - + (i5
-  a
w h e re  C
K3
l
1.2
1 .3
t
= r K TTZc o s .“" ^ . d z  and SÂ
t_
K s i n . ^ .  dz
O b ta in in g  a c c u ra te  and s im p le  a p p ro x im a tio n s  f r o m  the  above  
e x p re s s io n s  is  la b o rio u s  and hence the  fo llo w in g  a lte rn a t iv e  
m eth o d  is  u s e d :-
K  =
aY
6 , 2  ( f ro m  eq u atio n  ( 3 .4 ) )
w h e re  s and 6 a re  the v a lu e s  of s and 6  a t the o u te r  end o f the  
L i . L i
s p r in g . T h e  w in d  ang le  Y , v a r ie s  f r o m  o to ±  and 6 f r o m
Cl JLf
about 2 On to 60 tt . Thus the m a x im u m  v a lu e  of K  e n co u n te re d  
in  p ra c t ic e  is  o f the o rd e r  o f 0 . 025 , and th a t o f the p ro d u c t K  
a p p ro x im a te ly  0 .2 .  Thus the le f t  hand s ide o f e q u a t io n .(3 . 6 ) can  
be expanded to any a c c u ra c y  o f 0 . 2 % into:
1 T . 4
T h e  so lu tio n  of th is  eq u atio n  u s in g  the b o u n d ary  cond itions
E  -  o, b = a. a t t . £ “ o g iv e s :-
E  = 1 5 K ^ a .s in  +  3Ka, [_1 -  cos -  IS K ^ a .t
1 . 5
b is  found f r o m  the re la t io n s h ip : -  
d E
b =
d t
B u t and 6 a re  re la te d  by
V=«(-f)
H en ce  E  and b can be e x p re s s e d  in  the fo llo w in g  f o r m : -
E  = 15 a s in  (^ ( 1 -  cos 10  +
+
a 0
-  1 5 K  a©
7 2 2
1 -  3 K 0  -  -  K  ©
(1 +  K 6 )
2  2  
and b = 15K ^a  .cos ^0 +  + 3 K a  s in .(o +  ^
1.6
""" (1  + K 6 p  ■ 1 -  7 K 6  -  j
T h e  new  v a r ia b le s  Ar and 6 a re  g iv en  by:~
A r = r .  -  r£ = a / 0 +  1 E ^ + b^
and 6 = f ig u re s  ( 3 .2 )  and ( 3 .3 ) )
1 b 
6 " E8 = - 1 1  - l btan  . — -  ta n  . ~
1 - E 0
1 .7
T h e  s u b s titu tio n  of eq u atio n  (1 .6 )  in to  equations (1 .7 )  g ives  
eq u atio n  (3 . 9) of s ec tio n  3. T h a t i s : -
Ar K 6 ^
a ~  (1 + Ke)
and
+ 3 K  c o s .{e  ■'■f' -  5K 0 -  45E?e^3
“ (r f ië )3 /2  + T  ] —^'9
w h e re  the a c c u ra c y  of Ar is  b e t te r  th an  0. 5% and of 6 , 1% fo r  
0 ^ 4 TT. T h e  a re a  6 < 4tt is  o f no in te r e s t  as i t  w ou ld  be re p la c e d  
by the c o lle t  in  a p r a c t ic a l  s p r in g .
1 .2  T h e  G o u d s m it and W ang M eth o d  fo r  the D e te rm in a t io n  of the  F r e e  
End D e fle c tio n s  ______       '
C o n s id e r the in v o lu te  s p ir a l  s p r in g  c o m p le te  w ith  c o lle t  in
F ig .  ( I .  2 ) . T h e  p a r a m e te r  Q is  6 ^ a t B , and 0 ^  a t A . T h e  to ta l
len g th  of the s p rin g  f r o m  B to A  is  L .  T h e  ta n g en t a t any p o in t on
the s p rin g  w ith  re s p e c t to the X ' ,  Y* axes is  0 and hence w ith  re s p e c t
to  the X y  axes th is  tan g en t is g iven  by w h e re
t .  = e -  ?
1
I '
T h e n ,ta n  § = = tan  (0 -  ta n ”  ^ 0 )
■ A  E  L
w h e re  X '  and Y  ' a re  the c o -o rd in a te s  o f A  w ith  re s p e c t to the X 'Y *
axes
-1 *
§ = 0 -  tan  0 “ 2 TTn ______ ;_____________  p
Xj J-i  ^ X» of -  tan"^
w h e re  n ' = in te g r a l  p a r t  o f I  — --------------
T h e n  fo r  the f r e e  end s p rin g  the  tan g en t w ith  re s p e c t to the x  y  
axes a t any p o in t is
= (e - 5 )  + 0 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
XUMZ)EFLECTE1)
X )E F L E C T E Î>  S ÎM N G -
f i g . i . e
Thus w ith  the  p re v io u s ly  e s ta b lis h e d  sign  convention  for. Ax and
A y the f r e e  end d e fle c tio n s  a t A  a re :
“1
Ax =
L  . . - i  p  L i
x(o)^ +  J . COS t^ .d s ' -  x(o)^ f  J  cos '1'^.d s ’
L
= x(o)^ ~ x (o ). -  J  ^x(s')^ -  x ( s ’ ). COS ^  -Î-y  (s ’ ), s in  cfj d s ' 
 ^ o
and s im i la r ly  . ------------ 1.10
L
= y(o)^ -  y (o ). -  J  f y ( s ' ) .  -  y (s ') .  cos ÿ  -  x ( s ’ ). s in  (p)ds^
o
w h e re  s' is  the len g th  of the s p rin g  f r o m  the c o lle t  o u tw a rd s , th a t
is  s ' = s -  s . x ( s ’ ). and y (s ') .  a re  the c o -o rd in a te s  o f the
u n d e fle c te d  s p rin g  and x (s ')^  and y (s ')^  those of the d e fle c te d  f r e e
dv-î
end s p ir a l  in  te rm s  o f s '.  T h e  d e r iv a t iv e s  and ~  , a re  in d ic a te d
^ d s ' d s '
t y x (s ') .  and y (s ')^  re s p e c t iv e ly  and by
P a r t ia l  in te g ra t io n  of eq u atio n  ( 1 . 10 ) g ives
A X = x(o)^ -  x(o)^ -
0_l
-  J  x (s  ') .  s in  (ÿ. d s ' -
x (s ') . +1
o
x (s ') .  cos
y(s  ' ) - s in  (î>
L  L
J  ^ y (s ')^  cos (^ .d s '
Ay = y(o)^ -  y (o ). -  y (s ') . 4- y (s ')^  cos (f>
1 . 1 1
L“ J ^ y (s ') .  s in  (^ .d s ' + x (s ')^ s in L  L+  J  ÿ x ( s i )^  cos (p.ds'
but a t s ' = o, (p and a t s ’ = L ,  0  = o 
and f r o m  F ig .  (1 .2 )
x(o)^ = r^  cos ( cr + y )
= x(o)^ COSY -  y(o)^ s in  Y
y(o)^ -  y(o)^ cos y f  x (o ). s in  y
T h e n  eq u atio n  (1 .11 ) red u ces  to eq u atio n  (3 .1 4 )  in  sec tio n  3 .2 .  
T h a t is : -
Ax = -  J  tp (x (s ')_  s in  0  4  y  (s ')_cos ^ . d s  '
3 .1 4
L
Ay = -  J ÿ  ^ y (s ') . .  s in  -  x (s ') . .c o s  d s '
o '
E q u a tio n  (3 .1 4 )  a re  g e n e ra l and ap p ly  to a s p rin g  of any shape.
T h e s e  equations w e re  d e r iv e d  and a p p lie d  d ir e c t ly  to the
f ic t it io u s  h e l ic a l  s p rin g  and n u m e r ic a lly  to an a rc h im e d ia n  s p ir a l
by G o u d s m it and W ang (8 ). T h e  p re s e n t au th o r a p p lie s  th e m  to
v a r io u s  m o d ific a tio n s  of the in v o lu te  s p ir a l .
I .  3 T h e  C ra n k e d  O u te r T e r m in a l
T h e  s p rin g  te r m in a l  A B  C in  F ig .  ( I .  3 ) co n s is ts  o f a r a d ia l
p o r tio n  A B  and a c ir c u la r  a rc  B C o f ra d iu s  r  and len g th  1 .
T  --
T h e  s y s te m  is d isco n tin u o u s  and hence the f r e e  end d e fle c tio n s
a t C a re  g iv en , f r o m  eq u atio n  (3 .1 4 )  in  the f o r m : -  
L
A x = -  J  ^  ^ ( s ' ) .  s in  +  y (s ') , .  cos 0 ^ .d s ' 
o
L + m a“ I  Ç ^ (x (s ')^  s in  0 + y (s ')^ .  cos ^ ) .d s '
L + m a + 1
-  J ^(s') s in  0  +  y(s')v cos 0 ^ .d s '
I j+ m a
. I .  12
t o .
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L 'fm a
I  ^  ( y ( s ' ) ^ 's in  0  -  x ( s ‘ )^ .  cos (^ Ô) d s '
L
L +m a+1
J '(}> (y (s ')^ . s in  0  -  x (s ')^  cos 0^ d s '
L + m a
w h e re  x (s ')  , y (s ')  and x (s ')  , y (s ') ,  a re  the
m  m  ' j  1
c o -o rd in a te s  o f the te r m in a l  p o rtio n s  A B  and B C  
re s p e c t iv e ly  in  te rm s  o f s % and L  is  the  len g th  of the  
s p ir a l .  0  and 0  a re  g iv en  fo r  an u n w ind ing  s p rin g  f r o m  
eq u atio n  ( 3 .2 )  b y : -
0  = Y -
Y s '
L + m a+ 1
0  = -  Y
Li+m a+J
Thus changing the v a r ia b le  s ' to u = (s ' -  L») fo r  the  
p o rtio n  A B , and to B C , the f r e e
end d e fle c tio n s  A X ^  and A Y ^  a t C of the te r m in a l  a lone  
a re  g iven  f r o m  equation  (1 .1 2 ) b y : -
Y
~ L + m a + -  reYfcaa-t-1 -u )(a Q L + u )L + m a + 1 * cos .
-  (a6  -  u ) s in  f2) .du
L + m a + j [  s in .  o
Y ( 1 - Y ^ T )  
L b m a+ 1
. d*r
A Y
-  y
T L i + m a +  1
m a
- (a0 -  u). cos Q) . du
Yr»ji Z 
L + m a + T  I C O S .
Y
y Ü b b E ï J _
Li+iTia+l
d.T
In te g ra t in g  w hen ( m a + I ) L ,  «  6 , 3 m < 0  g ives :
jLj 1j JLi •
Ax.
n Y l
(1 -v 2  -Z  Y /  6^)
I l  +  —
Z a Y m  V Z 6 t . /
" ' e^ ( i - v 2 ) •
jLi
s in  O
l i
L
1 .1 4
Z aY  m  \  ^ B /c o s .  O 
e ( i - v 2 )
I f  the f r e e  end d e fle c tio n s  of the in v o lu te  s ec tio n  of the s p rin g  a re  
g iven  by A x  and Ay w ith  re s p e c t to the x y  axes ( f ix .  ( I .  3 ) ) ,  the  
to ta l d e fle c tio n  a t C w i l l  be g iven  to a good a p p ro x im a tio n  by : -
A X ^ ^ A X ^  + A x  cos [2 + A y s in
A Y ^ ^ A Y ^  + A y cos O -  A x  s in
1 .1 5
T h e  d e g re e  o f a p p ro x im a tio n  is  good s in ce  A y  subtends â v e r y
s m a ll  ang le  a t 0. T h e  in t r in s ic  f r e e  end d e fle c tio n s  A x  and A y
a re  as g iven  in  equation  (3 .1 3 )  w ith  y re p la c e d  by  
and q by 0"'= o' - f l  .
_ l , ( m a + V [  
* B + l+ m a
T h e n  m a k in g  the assu m p tio n s L i ,  0  4  9 0 ° ,  0 . 2 5l i i-m a + l
eq u atio n  (1 .15) can be e x p re s s e d  to an a c c u ra c y  of ±  5% as:
A X
- 4 a y  m __
c 6 ( l - v 2 )
1 -c o s  Q
L
m
2 a
1  -  f  1 \  COS (o' + " y )  +  ^  s in  ( a  ' +Y  )
. B  B
A y - 4 a  m y  0 (1 -v ^ )
s in  O
cos O
3 . 1 5
2 a y
1 - V
2 2 ï 1 is in  (cr* + y )
B B
2 v cos (cr ' + y )
w h e re  u' = o' -  O.
I .  4  R andom  V a r ia t io n  of the S p ira ls  P itc h
B e t the r a d ia l  p itc h  v a r ia t io n  be d e s c r ib e d  by Z r ( s ' ) ,  a 
fu n c tio n  of s '.  T h e n  the c o -o rd in a te s  o f the u n s tre s s e d  s p rin g  
a re  g iven  b y :-
x (s  ')^ = (a 0 s in  ( 0  -  § ) + a cos ( 0  -  ? )) + z (s ')
y (s ')^  = s in  (0 - S )  -  a0 cos (0 -  ^  )) + Z y ( s ' )
f 1 . 16
T h e  f i r s t  te rm s  d e s c r ib e  the in v o lu te , the la s t  te rm s  the  
d is tu rb a n c e , and
I .  17
T h e  a d d itio n a l f r e e  end d e fle c tio n s  caused by the z te r m s , a re  
g iven  f r o m  equation  (3 ,1 4 )  by:
Ï  ?
Ax. = — j  (z ^ (s ')  s in  0  + z (s ') , cos 0 ) d s ' ‘
o ^
-Y L
A ÿ,^ = “  \ (z ^ (s ')  s in  0  -  z^ (s  ')  cos 0 ) d s '
P a r t ia l  in te g ra t io n  g ives
^ ^ 2  ■ i  r -  ”‘'-y )  d s '
+  | z ^ ( 0 )  sin-Y j + ^ ^ ^  s i n ( Y -  y * ’ ) d s ' 1 .1 8
Ay^. = -  2 y ( ° )  -  j  s i n . ( V - ^ )  d s '
o
- ( z ^ ( 0 ) s in ^ j  - . j  ^  s in  {7 -  ^  ) ds'.
o
z (L )  and z (L )  a re  ind ep en d en t o f y  and re p re s e n t a d a tu m  change. 
X y
T h e y  a re  o f no im p o rta n c e  and a re  ig n o re d  in  the fo llo w in g  
eq u atio n s . z^ (o ) and z ^ ( 0 ) g ive  r is e  to an e c c e n tr ic  p in n in g  of the  
c o lle t  w h ich  is c o n s id e red  e ls e w h e re  (s e c tio n  3 .4 . 1 ) .  F o r  the  
pu rp o se  of th is  a n a ly s is  these te rm s  a re  ig n o re d . T h u s :-
A = -  5 cos (Y -  “ ) -  ^  s in  (7 -  “ ))d s 'z J Id s ' "  L  ' d s ' "  L, ^
 1,19
L
S u b s titu tio n  in to  eq u atio n  (1 .1 9 ) o f the d if fe re n t ia ls  ob ta ined  
f r o m  eq u atio n  (1 .1 7 ) g ives
L  r-
A x  = - fz J — T—f  COS (0 -g  + Y -^— ) + s in  ( 8  -  g + Y -^ — )jds 
ds Xj aW xj j
1.20
^  s in  ( 8  - g + 7 -  cos ( 8  - : + Y -  ^ ) j
I t  is  noted e x p e r im e n ta lly  th a t z (s ')  v a r ie s  s lo w ly  w ith  s ',  
and has no t m o re  than  tw o p eak  v a lu e s  on the s h o rte s t tu rn  
o f ty p ic a lly  p ro p o rtio n e d  s p r in g s . T h a t  is  i f  z ^ (s ')  is  
assum ed  to be a s in u so id  o f a m p litu d e  z then
z ^ (s ')  = z .s in  n s '---------------- ---------------------  ^ ^1
2
w h e re  n <4 ""TT" and z is  the m a x im u m  o f the p eak  v a lu e s  of 
a 6 o
z r
(s ')
H en ce  = zn .co s  n s ' —------------- '1 . 2 2
d s '
and 4 ^  has a m a x im u m  v a lu e  of
d s ' aSo
T h u s , assu m in g  the s in u so id  o f eq u atio n  ( I .  2 1 ) ,the  o rd e r  o f 
the in te g ra ls  in  eq u atio n  (1 . 2 0 ) ^  ^ p r a c t ic a l  s p r in g
a 6 o is  tw o o rd e rs  o f m ag n itu d e  g r e a te r  than  z and A x ^  and  
A y ^  a re  n e g lig ib le  w ith  re s p e c t to the in t r in s ic  d e fle c tio n s .
W h e re  z (s ')  is  not a s in u so id  but is n e v e r  the less  s u b jec t to the  
l im it in g  cond itions d e s c r ib e d  above i t  is  re a s o n a b le  to assum e th at 
A x ^  and A y^  a re  a lso  n e g lig ib le .
I .  5 Bunched D is to r t io n
T h e  m a jo r  ax is  o f th is  d is to r t io n  is assu m ed  to be X '  in  
F ig u re  ( I .  4 ) in c lin e d  a t v *  to  the x  a x is . T h e  d is to r t io n  a long the  
X 'Y '  axes can be g iven  by:
s'
D is to r t io n  X '  = - z '  —
L + Y
 - 1 . 2 3
w h e re  z ’ is  v e r y  s m a ll w ith  re s p e c t to the s p rin g  p itc h . T h e  
assu m ed  d is to r t io n  fu n c tio n  of equation  (1. 2 3 ) is  a re a s o n a b le  
a p p ro x im a tio n  to the o b s erv e d  d is tu rb a n c e  and hence the x  and 
y  c o -o rd in a te s  of the u n d e fle c te d  d is to r te d  s p ira l  a re  g iven  
a p p ro x im a te ly  b y :-
s 'z
x  = a 0 s in  ( 0  -  g ) 4  a cos ( 0  -  § )  -  ~  cos . u *
I .  24
y  = a s in  ( 0  - §  ) -  a 0 cos (0  - g )  -  ~  s in  v *
T h e n  the a d d itio n a l f r e e  end d e fle c tio n s  a t A  due to the d is to r t io n  
te rm s  a re  g iven  by s u b s titu tin g  eq u atio n  (1 .2 4 ) in to  eq u atio n  (3 .1 4 )  
to  g ive :
A x = ^   ^ f -  s ' s in  (y  -  ~ ^ )  cos v *  - s '  cos (y -  ^ )  s in  
o •
B  , ,  ]
Ay^ =  ^ ^-s ' cos (y  -  - ^ )  cos V * 4  s ' s in  (y  -  ^ ^ ) s in  V '‘'jds
EJfTENSlON 1
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f r o m  w h ich  the  t e r m s  d e p e n d e n t  upon  the  w ind ang le  'y a r e : -
A y  ~ -z  z
s in  y . \ s in  y-• cos V^ + (1 -c o s y )  ^
1.26
-  s in  y . /.  \ cos \)'*'
• s i n v -  -  (1 -  c o s y ) —y —
Thus the m a x im u m  v a lu e  of A x^ and Ay^ fo r  any V'*' o r  w ith in  
th e  p r a c t ic a l  ran g e  is  a p p ro x im a te ly  ±  1 . 2 z .
I .  6  V a r ia t io n  of the Second M o m e n t of A r e a  of the S p rin g  C ro ss  S ec tio n
I f  the  second m o m e n t o f a re a  of the s p rin g  m a te r ia l  c ro ss  
s e c tio n  is  not co n stan t, but has s m a ll v a r ia t io n s  w ith  s ’ , then  
can be e x p re s s e d  as
= I  (1 -  g (s ') )   1 .27
w h e re  g ( s i  and is  continuous fo r  a l l  s ',  g (s ')  is  the d is to r t io n
fu n c tio n  of the s p rin g  c ro ss  s e c tio n , and s ' has its  o r ig in  a t the  
c o lle t .  N ow  fo r  the f r e e  end s p rin g  the change in  c u rv a tu re
IS g iven  by:.- 
1
w h e re  M  is  the m o m e n t ap p lie d  to the s p rin g  and E  is  Youngs  
m o d u lu s .
T h e  s o lu tio n  o f eq u atio n  ( I .  28 ) is
^  ^  ^  g (s ')  d s '  1 .2 9
w h e re  B is  an a r b i t r a r y  constan t d e te rm in e d  by the boundary  
conditions : -
(p ~ a t s' = 0 and ^  = 0 a t s ' = L .
T h e s e  a re  s im i la r  to the conditions a p p lied  to o b ta in  equation  
( 3 .2 )  o f  sec tio n  3 and hence y is  p o s itiv e  w hen unw ind ing  the  
s p ir a l .
Y
Thus B »  Y + T g (s ')d s ' ■1.30
i  8 (s ')d 5 ')
o ■ '
p u ttin g  ^ g (s ')d s ' = f ( s ')  and n e g le c tin g  p ro d u cts  o f g (s ')  and
f ( s ')  equation  (1 .2 9 ) red u ces  to : -
n L
f ( s ')
1 .2 3
and
d s ' L, ^  L,
f ( s ' ) I .  33
J  o
Thus fo r  an in v o lu te  s p ira l  w h e re  the  second m o m e n t of 
a r e a  is  not in v a r ia n t  w ith  s ' the f r e e  end d e fle c tio n s  beco m e
fr o m  equations (3 .1 4 )  and (1 .3 3 )
k (s ') 'Ax = 1 -
L
^ ^sin ( 6  -  §  +  <^)  -  0  C O S  ( 6  -  |  +  d s '
o o
a Y ^ g (s ')  I  s in  ( 6  “I  + Ç^ ) -  6 cos (9 ~ 1  + ^ ) y  ds '
1 .3 4
f  (s ')  ^ ( y 6 s in  ( 6  (^) f  cos ( 0 - ^ 4  ^ ^ d s  '
o ' o
 ^ g(s ')  ^6 s in  ( 6  -  9 )^ 4  cos ( 6  -  % 4 ^ ) jd s '
w h e re  (p is g iven  by equation  ( I .  3 2 ). T h e  in te g ra t io n  of eq u atio n  
(1 . 3 4 ) is p e r fo rm e d  n u m e r ic a lly  on a d ig ita l  c o m p u te r .
A P P E N D IX  II
E X P E R IM E N T A L  E R R O R  IN  T H E  F R E E  E N D  
S P R IN G  E X P E R IM E N T A L  P R O G R A M M E
II. 1 E q u ip m e n t  A c c u ra c y
I I .  1 .1  B a s ic  re a d in g  and s e ttin g  a c c u ra c y  of the t ra v e l l in g
m ic ro s c o p e  g ives  an e r r o r  in  m e a s u re m e n t on the x  and y  
axes o f ±  5 m ic ro n s .
I I .  1 .2  A lig n m e n t in  a c c u ra c y . T h e  x  ax is  o f the  m ic ro s c o p e ,
g im b a l a s s e m b ly  a x is  A A  and the ax is  p ass in g  th ro u g h  
the  sprin g ’s o u te r  end p o in t and the b a lan ce  c e n tre  a re  
a lig n e d  to w ith  ±  0 .1 5 ° .  T h is  s lig h t m is a lig n m e n t g ives  
r is e  to an e r r o r  on the  y  ax is  ( f ig . ( 4 .1 )  s e c tio n  (3 )) o f 
±  0 .0 0 2 5  6 x . T h e  e r r o r  on the x  ax is  is  n e g lig ib le  
in  a l l  e x p e r im e n ts .
I I .  1 .3  T h e  s p rin g  is  p re v e n te d  f r o m  ta k in g  up its  c o m p le te ly
u n s tre s s e d  o r  r e s t  p o s itio n  by the s ta t ic  f r ic t io n  in  the  
b a lan c e  b e a r in g s . T h e re  is  an u n c e r ta in ty  in  the  p o s itio n  
of th is  u n s tre s s e d  cond ition^w ith  a ty p ic a l sp rin g ^o f 
±  1 ° .  S ince  the r e s t  p o s itio n  is  the d a tu m  f r o m  w h ic h  
the  w in d  ang le  is  m e a s u re d  th e re  is  th e re fo re  an  e r r o r  
in  Y o f ±  1 ° .
I I .  1 .4  W hen  c o r r e c t ly  se t up no s ta tic  f r ic t io n  in  the g im b a l
p ivo ts  is  d is c e rn ib le .
I I .  1 .5  T h e  f ix in g  of the o u te r an ch o r to the le v e r  is
r ig id ,  but tw is t  o f the le v e r  p ro v id e s  an e la s tic  
a tta c h m e n t (s e c tio n  3 . 4 . 2 ) .  T h e  angle  6  ^  th ro u g h  
w h ich  i t  tw is ts  is  g iven  by: -
-7  E l
ÔE = 3 6 . 8 x 1 0  ”T" Y ra d ia n s
and the a d d itio n a l f r e e  end d e fle c tio n s  on the y  a x is  is
^ E  ^^2 w h e re  r^  is  the ra d iu s  f r o m  the s p rin g
c e n tre  to the le v e r  ax is  (F ig .  ( 4 .3 ) ) .  T h e  p ro d u c t  
-7
3 6 .8  x  10 . E  is  d e te rm in e d  e x p e r im e n ta lly  and I  is
the second m o m e n t of a r e a  o f the s p rin g  m a t e r ia l  c ro s s  
4
s ec tio n  in  m .m  . T h is  t e r m  is  in c lu d ed  in  a l l  
e x p e r im e n ta l re s u lts .
I I .  2 E r r o r s  o f S p rin g  G e o m e try  and M o u n tin g
I I .  2 .1  E r r o r s  le a d in g  to the e c c e n tr ic  m o u n tin g  o f the
c o lle t  a re  c a te g o ris e d  as fo llo w s  : -
(a ) T h e  e r r o r  in tro d u c e d  in  u s in g  the  a p p ro x im a te  
re la t io n s h ip  in  F ig .  ( 4 .3 )  is  no t m o re  th an  
± 1  m ic ro n . ,
(b ) T h e  e r r o r s  in  m e a s u re m e n t of th e  s p r in g  c o ils  to  
d e te rm in e  the  c e n tre  g ive  a m a x im u m  e c c e n tr ic ity  
o f ±  2  m ic ro n s .
»
(c ) A n y  e r r o r s  in  s p rin g  shape, such as the  ra n d o m  
p itc h  v a r ia t io n  o r the bunched d is to r t io n  d is c u s s e d  
in  sections  1 .4  and I .  5 , can cause e r r o r s  in  the  
d a tu m  c o il used  to d e te rm in e  the s p rin g  c e n tre .
T h e  ra n d o m  v a r ia t io n  in  p itc h  has a m a x im u m  
v a lu e  o f ±  30 m ic ro n s  in  the  la rg e  s c a le  sp rin g s  
w h ich  can g ive  r is e  to a m a x im u m  o f ±  30 m ic ro n s  
e c c e n tr ic ity .  A v e ra g in g  the d e te rm in a tio n  of the  
c e n tre  o v e r s e v e ra l tu rn s  red u ces  th is  to an a v e ra g e  
of ±  5 m ic ro n s . T h e  v a lu e  of the bunched d is to r t io n  
p a ra m e te r  z is  h e ld  to le s s  than  1 0  m ic ro n s  by  
s e le c tio n . S ince the d a tu m  tu rn s  a re  g e n e ra lly  
ta k e n  a t about h a lf  the  o u te r  ra d iu s  of the s p r in g ,  
the bunched d is to r t io n  c o n tr ib u te s  a m a x im u m  o f 
± 2  m ic ro n s  e c c e n tr ic ity .
(d) T h e  to le ra n c e s  on the c o lle t 's  c e n tra l h o le  is  5
m ic ro n s  w h ich  can g ive  r is e  to the  sam e  o rd e r  o f 
e c c e n tr ic ity .  Thus  th e  to ta l  e c c e n tr ic ity  p o s s ib le ,  
due to the above causes is  ±  15 m ic ro n s , w h ic h  g ives  
r is e  to a s im i la r  e r r o r  in  the f r e e  end d e fle c tio n s .
I I .  2 . 2 E r r o r s  in  the S p rin g  G e o m e try
I t  is  shown in  the th e o re t ic a l s ec tio n  on the  f r e e  
end s p rin g  th a t the ra n d o m  p itc h  e r r o r  and any bunched  
d is to r t io n  can le a d  to a d d itio n a l f r e e  end d e fle c tio n s .
In  the case of the ra n d o m  p itc h  e r r o r  th is  is  n e g lig ib le  
but the bunch ing  e ffe c t can g ive  r is e  to a m a x im u m  
e r r o r  in  Ay and Ax o f ±  12 m ic ro n s . H o w e v e r , a l l  
e x p e r im e n ta l sp rin g s  a re  e x a m in e d  fo r  bunching and any  
sp rin g s  in  w h ich  i t  can be d e te c te d  e lim in a te d .
II. 3 A c c u r a c y  of M e a s u r e m e n t  of the  S p r in g  P a r a m e t e r s
P a r t ia l  d if fe re n t ia t io n  o f the th e o r e t ic a l e x p re s s io n  fo r  
the in t r in s ic  f r e e  end d e fle c tio n s  (eq u a tio n  (3 .1 3 ) )  g ives  the  
s e n s it iv ity  of the e x p re s s io n  to s m a ll  e r r o r s  in  m e a s u re m e n t of 
the s p rin g  p a ra m e te rs .  Thus the e r r o r  in  the f r e e  end d e fle c tio n s  
fo r  a s p rin g  u n w ind ing  a r e : -
A (A x ):
-  2 a  
( l  -  v^)
Ay 1 -  v^ (y s in  ( cr4  y ) -  cos (cr +y )^
(1 -v ^ ) (1 -  v 2 )
n.i
-  2av^
û (û y )  = Ay y cos (o' + Y ) “ s in  ("^  4-y )
+ c o s ( . . v )
w h e re  the d e lta  te rm s  denote the o rd e r  of a c c u ra c y  of m e a s u re m e n t. 
T h a t is  : -
= 1%  ___
Ay
Av
I I .  2
Acr = ±  3
T h e  e r r o r  in  w in d  ang le  m e a s u re m e n t is  com pounded of ±  1 
u n c e r ta in ty  in  the z e ro  p o s itio n  d e s c r ib e d  in  sec tio n  I I .  1 . 3 and  
±  1 °  re a d in g  e r r o r .  T h e  e r r o r  in  the  c o lle t  angleo* a r is e s  f r o m  
the f in ite  c u rv a tu re  o f the s p rin g  as i t  le a v e s  the c o lle t .  T h e  
re m a in in g  p a ra m e te rs  in c lu d e d  in  eq u atio n  (3 .1 3 )  a re  m e a s u re d  
to s u ffic ie n t a c c u ra c y  to en ab le  th e ir  e r r o r  te rm s  to  be n e g le c te d .
W h e re  a know n d e g re e  of e c c e n tr ic ity  of the c o lle t  o r a 
c rau k e d  o u te r te r m in a l  is  co n s id e re d  fu r th e r  e r r o r  te rm s  a re  
d e r iv e d  by the p a r t ia l  d if fe re n t ia t io n  o f eq u atio n  (3 .1 5 )  and (3 .1 7 )  
noting  th a t -
A(aX ) = rb 5 m ic ro n s  
= ±  3*Ae ■ -o
A (a m ) = dr 0 . 1  m .m  ^
A n  = ±  3 °
I I .  4  S p ira l  S p rin g  In s ta b il i ty
H a r in g x  (1 4 ) shows th a t s p ira l  sp rin g s  a re  su b jec t to  
in s ta b il i ty  w ith  in c re a s in g  w in d  a n g le . T h is  in s ta b il i ty  causes the  
s p rin g  co ils  to m o ve  out o f th e ir  u n s tre s s e d  p lane  and i t  is  shown  
(1 4 ) th a t the co n d itio n  of in s ta b il i ty  is ,  a p p ro x im a te ly , depen dent 
o n ly  on the d im en s io n s  o f the c ro ss  s e c tio n  o f the s p rin g  m a te r ia l ,  
and the w in d  a n g le . Thus fo r  a s p rin g  o f c ir c u la r  c ro ss  s ec tio n  
the c r i t ic a l  w in d  angle  is  o f the o rd e r  o f db 3 0 0 ° .  H o w e v e r , i t  is  
noted e x p e r im e n ta lly  th a t the  c o ils  s ta r t  to  m o ve  out o f th e ir  p lane  
a t ang les  o f the o rd e r  o f 2 2 0 ° ,  and co n seq u en tly  the m a x im u m  w in d  
angle  in  the e x p e r im e n ta l w o rk  on round w ir e  s p rin g s  is  l im ite d  to  
2 4 0 ° . In  the case of f la t  s t r ip  s p rin g s  the c r i t ic a l  w in d  ang le  is  
m u ch  la r g e r  and w ith  a s t r ip  w id th  to  th ic kn es s  r a t io  o f o n ly  1 .5 ,  
the c r i t ic a l  ang le  r is e s  to ±  5 5 0 ° . A g a in , h o w e v e r , i t  is  noted  th a t 
the  c o ils  s ta r t  to m o ve  out o f th e ir  p lan e  a t a m u ch  lo w e r  ang le  
than  the c a lc u la te d  c r i t ic a l  v a lu e . T h is  can g ive  r is e  to unknow n  
e r r o r s  in  the f r e e  end d e fle c tio n s  o f the f la t  s t r ip  s p rin g s  in  the
m a n n e r in d ic a te d  in  s e c tio n  1 . 6 .
Thus the to ta l m a x im u m  u n c e r ta in ty  o f the p o s itio n  of the  
th e o r e t ic a l  d e fle c tio n s  w ith  re s p e c t to  the e x p e r im e n ta l p lo t is , fo r  
a round w ir e  s p r in g  w ith  no lo iow n e c c e n tr ic ity  o r  c ran k e d  o u te r  
te rm in a l,g iv e n  in  m ic ro n s  by: -
2
A ( A x ) p=:± 23 + 2 a A ' 1 -  V (y- s in  (o' -  Y ) -  cos (o' -  y )j
2
+ 4. aYvAv. cos (o -  y ) f  2^^^^ Acr. s in  ( cr -  y )
I I .
A (A y ) = ±  (23 + 0. 0025  Ax) +  2av^Ay ^  . cos (cr -  y  )
-  s in  (cr -  y -  4aY v A v . s in  ( ^  -  Y ) -  2 av  yA '^cos (o' -  Y )
A P P E N D IX  III
T H E  F IX E D  E N D  S P R IN G
III. 1
III. 1 .1
E nd P o in t R e a c tio n  F o rc e s  on a Continuous S p ira l
A n a ly t ic  S o lu tions
T h e  f i r s t  a p p ro x im a tio n  fo r  0^ % is  g iven  f r o m  eq u atio n  
(5 .1 )  s e c tio n .5. by , w h e re  ■
d o  ^
= p cos m . i
the f r e e  end tan g en t, is  g iven  f r o m  the f r e e  end sec tio n  
by: -
= e + y  -  -  È
w h e re  |  is  d e fin ed  in  eq u atio n  ( I .  8 ) and s ' b y : -
Z 2 
s' = -  e j
s ' = o a t the c o lle t and s' = L  a t the o u te r  anchor p o in t of 
the  s p rin g .
2
T h e n  = e -  ^ 1
w h e re  ~ §  + Ï
I I I .  2
M a k in g  the s u b s titu tio n  
d- = 6(1 -  —2.^
I I I .  3
then
(1 -  K 6 )  = / l  -  2 K i III. 4
and expanding the r ig h t hand side g ives
III. 5
T h e  m a x im u m  v a lu e  o f the p ro d u c t Ko6 fo r  a p ra c t ic a l  
s p rin g  is  0 .2 .  H en ce  the f i r s t  th re e  te rm s  of equation  
( I I I .  5) g ive 6 to an a cc e p ta b le  a c c u ra c y  of ±  0 . 5%. T h e n  
eq u atio n  ( i l l .  i )  can be e x p re s s e d  as
d6c6i
d s ' ap J d ( 1 4 — K d +  — K  oC^ ) s in  (d + . dec.
 1X1,6
aq ^ ( 1 4 -  “  K d  4- ^  cos (ct +  dee.4- C
w h e re  C is  a co n stan t o f in te g ra t io n  and
«  a 06 (1 4- “  Ko6+ ^  )
doi ' 2 2  '
I I I .  7
06 v a r ie s  b e tw een  a p p ro x im a te ly  20 to 180  ra d ia n s  and K  has 
the m a x im u m  v a lu e  in d ic a te d  ab o ve . T h e re fo re  in te g ra t in g  
equation  ( i l l .  6 ), and n e g le c tin g  te rm s  c o n tr ib u tin g  less  than  
a to ta l o f 1 . 5% to the  to ta l e x p re s s io n  g ives  : -
d&cj
l ë  = ap
3 5 2 2
-06 (1 + y K d  4 ~ K  cc ) cos (d 4-
4- ( l  4" 3Kc6 4- y  K  o6 ) s in  (ot 4 )
-a q
I I I .  8
06(1 4 -~ K o 6 4 ^  K^o6 s in  (a 4- -r]^)
4  (1 4- 3 K d  4  y K  oc cos (oc4 4  C
In te g ra t io n  of th is  eq u atio n  b e tw een  the l im it s  s ' = o 
and s' = l i  g ives  the constan t C a s : -
c
2 2
J.
L L m . 9
A  and B a re  the fo llo w in g  constants  
A  %
C O S  (o6 +  y} .^)
2 2 9 2 2 Q
-o c  (1 + 3Koc+ y K  oc ) s i  n (oc + ) - 3oc(l + ^  Koc).
a L
I I I .  10
a o
B
2 79 ? 2 9
- e t  (1 4  3 K a  4 " Y  K  oc ) cos (oc 4  4  3 cc(1 4 ~  Kcc).
s in  (oc4 tj.^)
-1%
w h e re  a  = 0  (1 -  K0_ ) and a  = 0 (1 -  K 0  )
o o
T h e  in t ia l  a p p ro x im a tio n  to the f r e e  end d e fle c tio n s  a t
th e  o u te r  ancho r p o in t is  g iv en  f ro m  eq u atio n  (5 . 9) b y : -  
L
^  R i  n  i!/ ^
JU
A x  = -   ^ 6 ^ ^ .  s i -ÿ  , . d s '
L
A y  = j  0 ^ ^ . cos d s '
III. 11
A t s ' = o and s ' = L ,  6^^ = o . H en ce  p a r t ia l  in te g ra t io n  
o f equation  ( i l l .  11 ) g ives  :
A y = J
d 6ocl 
d s '
Jcos ds ' 1 . ds
-m.iz
S u b s titu tin g  fro m  eq u atio n  ( i l l .  2) and (III. 3 ) g iv e s '
3 . . .  5 „ 2  2.^sin-'l^ d s ';^ a^ o c(l 4 — Koc4 ~  K  oc ) s in  (oc4 tj^ ) . doL.
and in . i :
^cos ijr^ds ' ^ a ^ a ( l  4 — Kcc 4 — K^oC^) cos (oc 4 ) da.
N e g le c tin g  te rm s  c o n tr ib u tin g  less  than  a to ta l o f 2% to the  
to ta l e x p re s s io n , o v e r the ran g e  of p r a c t ic a l  va lu es  of cC , 
the above equations g iv e , upon in te g ra t io n :-
 ^sinijr ds ' - d ( l  4  ”  K a  4  Y  K^ oC cos (o: 4 Y]  ^)
4  (1 4 3Kct 4  •yK^oc s in  (oc 4
i n .  14
^cosij^  ds ' % a a ( 1 4 ~ K o c 4 ~  K^fX s in  (ot4 q )
4  (1 4  3K ct4 Y  ) cos (oc4 q ^ )
S u b s titu tin g  equations ( i l l .  14 ) and ( i l l .  8) in to  eq u atio n  
( I I I .  1 2 ) and in te g ra t in g , ag a in  n e g le c tin g  te rm s  c o n tr ib u tin g
les s  than  a to ta l Of 2% g ives  : -
A x  = pa '
4 3
^  (1 4 —^  K o'4 ~ K ^ o C ^ ) 4  ~  (1 4 Y  Koc)sin 2 (o:4Y]^8 2 0   6
A a  _ 24 cos 2 (cX4 q^) 4  ^ 06 4" 3Koc ) s in  (oc 4
oc.
-  qa Y  (1 4 I  K d 4  Y  K ^ d ^ ) cos 2 (cx4 q^)
B a ^ 2( 1 4  6 K d )  s in  2 (oc4 q^) 4  (143K a) s in  (cc4q^
oc.
A y  = -p a '
I I I  .15
Y  (1 4 | koc cos 2 (ct4 q^)
A a
'• X. oC ( 1 4 6 k  ) s in  2 (oc 4  ) 4  y ” ^ ( 1 4  3 Koc) cos (d 4  q^ )
oi.
-1^0
4q a ‘
4  3
^  (1 4  Y  Koc4 ~  K^oC ^ )  -  (1 4  KoC) s in  2 (c64 q  ^ )
8
-  ~  d? cos 2(cC 4 q ^ ) 4 ^ Y  ( 1 4  3 KcC) cos (d. 4 q^ )
06
OC
In tro d u c in g  the fo llo w in g  a p p ro x im a tio n s  d e r iv e d  f ro m  
equations ( I I I .  3) and ( I I I .  4 ).
- 7 /  - I f
1 + “ Kot 4  Y  ( i  -  2 Kcx) = (1 -  K 6 ) ^
M a x im u m  e r r o r  2%
M a x im u m  e r r o r  1%
(1 -  K 0 ) - 9/2
1 + 6 K d  + 24 (1 -  2 K q: ) '^  = (1 -  K 0 )
M a x im u m  e r r o r  1% 
i S _ 2  2 ___ .-3 /2  \  _ _ _ - 3
I I I .  16
(1 -  K 6 )1 4  3 Koc 4  —  K  oc (1 -  2 Kcc)
M a x im u m  e r r o r  1%
= 0^ (1 .  1 ? )^  R: e"^  (1 -  K o f
M a x im u m  e r r o r  2%
= 03 (1 -  f  ) '  «  0 ^ 1  -  K 6)^ /2
M a x im u m  e r r o r  2%
06^  = 0^ (1 - K 0 )^  0^ (1 -  K 0 )
M a x im u m  e r r o r  1 . 0%
A nd n o tin g  f ro m  equations ( i l l .  2 ) and ( i l l .  3 ) th a t (oc  ^ 4 -q^) 
= 0 ^  , w h e re  ^  - tan   ^ 0 ^  -  2iTn^ f ro m  eq u atio n
(1 .8 ) . 0 is  v e ry  la rg e  and tan  ^
cos 2 4 q ^ )  = cos 3T =
and s in  2 (oc^ j ) " 0
( 0 ^ 0 + % )  "  ® o + y A
-1
c o s 2 ( c 6 ^ 4 q ^ )  =  CO S 2 ( 0 ^ + 7 “ g )
and si n 2 ((X 4 q . ) = sin 2 ( 0  4 y  - g )
H en ce  eq u atio n  ( I I I .  15) red u ce  to
A x = pa' L
( 1 - K 8 ^ ) %  ■ 8 ( l-K 0 ^ )^ /2
s in  Z ( 6 ^ 4 y  _ g )  
4 ( 1 - K 0 J ^
30
L,
(1 -K 0  )2
3
-  q à  .
“0
L ®o 2 (®o 4 7 -  ? )
4 (1 -K 0  )^
„ 0 ^ s in  2 (0 4  y -  ^  )
I . o \ o  ^
8
4 (1 -K 0  )3
I I I .  17
A y  = qa
0 ^  0^ 
 L   o
8 (1 -K 6  ) i ! z  ■ 8 ( i  -K 6  ) %
70
L
8 ( 1 - K 0 J Z
0 . s in  2 (0 4"^ -  % )
o _____ o *
4 (1 -K 0  )3  '  o
-  pa
-0
4 (1 -K 6 ^ )3
Bq cos 2 (0^ 4 q  -  § )
_  Y ( 1 - K 0  )^
' o
T ra n s p o s in g  to o b ta in  p and q and n e g le c tin g  te rm s
c o n tr ib u tin g  a to ta l of les s  than 2% g ives
0^
3
a p =
8 A x
r - 5 3
16A yl a -K 6 T . l^  +
(1 -K 0 ^ )3 /2  ®o
0 t4
o , -  0
(1 -K0^ ) %  °
I I I .  18 
(C o n t'd )
3
a q 8 Ay
16 Ax
0 j 4
(1 -K 0  )3/z
eLT
( 1 - K 8 J 3 / 2
-  0
E q u a tio n  ( I I I .  18) can be s im p lif ie d  and e xp re s se d  in  te rm s  of 
m o re  e a s ily  m e a s u ra b le  q u a n titie s  by us ing  the fo llo w in g  
re la tio n s h ip s  : -
y  2
but Y  ^  1 and hence the v  te r m  is  n e g lig ib le . H ence
L  
1 -  K0
L
z y
I I I .  19
F r o m  f ig . ( I. 2 ) x (o )Y a 0 ^ -  cos.cr and y {o )^ ^  a6 . s in  cf 
hence i f  1 , f r a c t io n a l p a r t  ('"^ÿ — ) = f r a c t io n a l p a r t
I I I .  20
Thus fo r  an unw ind ing  s p r in g :-
 ^8 Ax (  ^ 6 L   ^ 16 A y  ( l  -v ^  cos 2 (o' -FY)^
^ a^8 4 ( i _ v 4 )  a^O ^ (1 -2 v 4 )
/  3T  \  *
8A y  (1 - Y  ) 16A x. ( l  -  cos 2 (<r 4  "Y)l
a30  5 ( l_ 2 v 4 )
T I I .  21
T h e s e  equations a re  the f i r s t  a p p ro x im a tio n  to p and q. 
T h e  c o n tr ib u tio n  of the second te r m  o f eq u atio n
( 5 . 5 ) ,  to the a p p ro x im a tio n  can be e s tim a te d  as fo llo w s  : 
F r o m  equation  ( 5 . 6 )  o f the fix e d  end sec tio n : -
d^ (&otl 4 ^ 2 )  
ds 'Z = P
-  6 ^ 0 0 5  ^ 'I
(C o vv t d )
-  q  i ^ c o s j ^  -  j
H en ce
| 2é ,
” d s '2 ”  “ P * « . 'C ° s t f  •'■ q - ^ a - s ^ T  f
A n tic ip a tin g  th a t m akes  the m a jo r  c o n tr ib u tio n  to  
the equation  above becom es
d^6oc2
= p.6^^. cos j   ^ + q.ô^^, s in  j   ^ -^--------H I .  22
In te g ra t in g  equation  (111.^8) and a p p ly in g  the end co n d itio n  th a t
6^^ = o a t s ' = o the fo llo w in g  a p p ro x im a te  e x p re s s io n  fo r
5 . is  o b ta in ed ,d l
V i '
2a p ? ? 9 ? 2-  oc (1+3Ko6 +  y K  a  ) s in  (ocfq
- 3 a  (1 4  — K d ) cos (o i4 q ^ )
2■a q
2 ? 9  2 ?
- 0 6  (1 4 3 K a 4 -y K  a  ) cos (d 4 q ^ )
43 oC (1 4 — Kcc) s in  (a  4  q^)
,a?PAs' j .  a q B s ' ^  
L  L
-111.23
w h e re
D  = a
4  3 d  (1 4 — KOC ) s in  (a  4 n )o '  2 o ' ' o '1
-  ^  2 4 3Koc -i- ~  K^ a  s in  ( a  4 q )o '  P  4  o  '  Q '-1 '
2
-  a p
- 3 “ o (1 + j K a _ ^ )  COS (a ^  +  ï|^ )
S u b s titu tin g  eq u atio n  ( i l l .  23 ) in to  eq u atio n  ( i l l .  22 )  
and in te g ra t in g  tw ic e  g iv e s , a f te r  n e g le c tin g  te rm s
c o n tr ib u tin g  les s  than a to ta l of 10% to the to ta l e x p re s s io n .
the fo llo w in g :-
0:2 ^  8
(p^ -  q^) s in  2 - 8p^ cos j /
-  p q  J Y  -  pq 0 (0 cos 2ljf^ 4 8 sin'\{f^) 'III. 24
w h e re  0 0 ^  0_
o L.
T h e n  the r a t io  ^ ,^2 / ^cti g iven  to an a c c u ra c y  of ±  10% b y :-
V 2
V l
(p^  -  q^) s in  2 cos-\jf^ -  pq cos
3
f  " e-  s in ijf , -  T  cos t
:g,aP....S.?i£ .2£§ l f i -  0 0^ V I 0 / i
3 s inV  f
- q  I " " 0 .............. -  cos i f )
T h e  v a lu e s  o f p and q can be a p p ro x im a te d  f ro m  eq u atio n  
( I I I .  21 ) to  s u ffic ie n t a c c u ra c y  in  th is  in s tan ce  by: -
8Ax 16 Ay
a50,4 ■  a3eSL L,
8Av 16 Ax
a3e A -  730^5
T h e re fo re  the v a lu e  of equation  I I I .  25 is  g iven  a p p ro x im a te ly  
by: _
(Ax^4Ay^) s in  2'\jf  ^ -  A x A y  cos 2ljr^'j
o '  
a0_4
A x ^ 1 - | y | -  sin^|/^4Ay. cosŸ^
G e n e ra lly A x Z ^ A y  and 0 has a m in im u m  v a lu e  o f 2 0 . 
T h e r e fo r e  fo r  a p r a c t ic a l  s p rin g  the ra t io  o f the p e a k  v a lu e s
of 6 , .  and 6 does not exceed  0 . 0 1 .  H en ce  8 and GCi 0C2 0C2
s im i la r ly  0 ^ 2  ’  ^ 6-tc , can be n eg lec ted  and the  
a p p ro x im a tio n  in  equation  ( 5 . 7 )  p ro v id es  s u ffic ie n t a c c u ra c y  
fo r  the d e te rm in a tio n  of ô^. E q u a tio n  ( 5 . 8 )  o f the fix e d
end s ec tio n  can be e xp re s s e d  in  the fo llo w in g  fo r m
L  L  ^2
A x  =Ax^ f  A  x^+ - - - -  = -   ^ sin')|r^ds! -  j  ”^7 “' c o s ^ ^ d s h --
o o
 111.26
L, L  &Z,
~ ^ y ^  + A y ^ -v --- = +  ^  0 ^^ cosljf^ds'  ^ • sin\|f^ds V._
o o
w h e re  A x^ = -   ^ 6^^ s in  d s ’
o
A = 2  = -  (  - ^ c o s f  ds '.
S im i la r ly  fo r  the A y  te r m s . ^
S ^ . is  v e ry  s m a ll and hence A x  .'%^Ax and Ay  , Ay  •
n -1  n n -1  n
T h e re fo re ,c o n s id e r in g  on ly  the A x  and A y  t e r m s ,p a r t ia l
2 2
in te g ra t io n  of the e x p re s s io n  d e fin in g  A x ^  g ives
^ ^ 2  ” I  ^ a i  d s ' < ^ 3 '^  d s '  111,27
S u b s titu tin g  equations ( i l l .  8 ), ( i l l .  23 ) and ( I I I .  3 ) in to  eq u atio n  
( i l l .  27 ) in te g ra t in g  b e tw een  the l im i t s ,  and n e g le c tin g  te rm s  
c o n trib u tin g  l ess than  a to ta l of 10% to  the to ta l e x p re s s io n  
gives
A x^ — ■ f - Pq®T - 4q^  ^2 12 L  ^  J  I I I .  28
A x ^  can be e x p r e s s e d  to  an a c c u r a c y  o f  ±  10% b y
A x ,  =1 8
as in  m o s t p r a c t ic a l  s p rin g s  pA5> q.
=  |  a \ .  ( p . q e j
O r f ro m  equation  (111.21)
jJb ( A x +  Q lA v )
A x ^  3 a0^3
In  any p r a c t ic a l  s p rin g  th is  ra t io  does not exceed  0. 01 
and the a p p ro x im a tio n  to A x  g iv en  in  eq u atio n  (5 . 9) y ie ld s  
s u ff ic ie n t a c c u ra c y . S im i la r ly  i t  can be shown th a t the  
second and subsequent te rm s  in  the a p p ro x im a tio n  to A y ,
A y ^ j a re  n e g lig ib le .
I I I .  1 .2  N u m e r ic a l So lutions
T h e  n u m e r ic a l a n a ly s is  o f the p ro b le m  of the  f ix e d  
end s p rin g  is  p e r fo rm e d  on an I .  C . T .  1 9 0 4 /E  d ig ita l  com pute: 
• us in g  F o r t r a n  IV .  A  b lo c k  d ia g ra m  of the p ro g ra m m e  steps  
is  shown in  f ig .  ( i l l .  1 ). T h e  p ro b le m  is  to o b ta in  v a lu e s  of 
p and q s a tis fy in g  the fo llo w in g  e q u a tio n s :-
C6 = p s in  (iji +&«) -  q cos (ijf + 6^ ) ------------ 5 . 4 .
d s ,2  "  ' n
w ith  the end conditions a t s ' = o and s ' = L .
REM5 VW. S9RW G PAP.F\METER^ VJ\U ïi KNC-iLE
CA.L_CULf\-TC \W TW W S \C  A'iC- KNî> A y  F R O K \ 
EaOKTVOVA
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C A .LC O LK TE TUUO A?PP.QX\KATE VA LU ES OF 
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US\ \^Gr KFPtLOY. \> fiHH cy AH'î) f
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MO
IN \ CEPOL A \E  F oE  F E o  N \ f AM D (
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Ay = AL^ _ AvAD Zsoc = Atc 4- ("V^  —SE T
f<l\NT ^ f\N i^ cy
NO
L
and = x (o ) + (  cos d s '
o
L   111.30
= o = y (o ) f  s in  (-\[f^  f  d s '
E q u a tio n  (5 . 4 ) is so lved  as an in i t ia l  v a lu e  p ro b le m  using  
a p p ro x im a te  va lu es  of p and q f r o m  eq u atio n  (5 .1 0 ) ,  and
^ f r o m  equation  ( i l l .  8 ). Tw o in i t ia l  A p p ro x im a te
f  d
v a lu e s  of f I , _ ^ f  o r  in te rp o la t io n  pu rp o ses  a re
obta ined  f r o m  equation  ( i l l .  8 ). P u ttin g  C -  o d e fin es
one o f these  v a lu e s . T h e  re s u lta n t v a lu e  of ( 6 ^ ^ ^  fro m
the so lu tio n  of eq u atio n  ( 5 .4 )  is  c o m p are d  w ith  z e ro  and i f
n e c e s s a ry  the v a lu e  of is  changed s u c c e s s iv e ly
u n t i l  (6(x)^, _ ^  is  w ith in  the p re s c r ib e d  to le ra n c e  band.
T h e  so lu tio n  s a tis fy in g  the  la t te r  co n d itio n  is  in s e r te d  in
equations ( I I I .  30) w h ic h  a re  in te g ra te d  to fin d  x  and y  .
On the b as is  o f the  am ount th a t x  and y  c a lc u la te d  above
E E
d if fe r  f ro m  the c o r r e c t  v a lu e s , the in i t ia l  a p p ro x im a te  
v a lu e s  of p and q a re  m o d ifie d  and the c a lc u la tio n s  re p e a te d  
u n til  equations ( I I I .  30 ) a re  s a t is fie d  to w ith in  g iv en  l im i t s .
I I I .  2 . E nd  P o in t R e a c tio n  F o rc e s  o f a S p rin g  W ith  a C ra n k e d
O u te r  T e r m in a l__________________________
T h e  s p rin g  d e fle c te d  in  the f re e  end m o d e  takes  up  
the shape shown in  f ig .  ( i l l .  2 ). I t  is  re q u ire d  to fin d  the  
v a lu e s  of p and q n e c e s s a ry  to m o ve  the end p o in t of the  
s p rin g  f r o m  A  to A ' w h ils t  h o ld in g  the  tan g en t co n stan t.
lyNSTRESSED P O S lT \oH
OF O U T E R  E N D
DEFLECTED FREE 
END SPR\N&
F I G . m . z . .
F o r  the purposes  of a n a ly s is  i t  is assum ed  th a t, in  any  
p r a c t ic a l  s p r in g , CB re m a in s  s tra ig h t and r a d ia l .  T h e  
c ir c u la r  a r c  A B  re m a in s  c ir c u la r  u n d er f r e e  end d e fle c tio n s . 
T h e  m o m e n t m a in ta in s  the tan g en t a t A  constan t u n d er the  
P  and Q lo a d s . Thus i f  U is  the s t ra in  e n e rg y  of the d e fle c te d  
s p rin g  u n d e r P , Q and the fo llo w in g  re la tio n s h ip s  
fo llo w  f r o m  the p r in c ip le  of le a s t w o rk .
bU  _
h U
= A x    — I I I .  31
bP
b U
= Ay
b a
i
T h e  in t r in s ic  c o -o rd in a te s  o f tlie  s p ira l  p o r tio n  o f the  f r e e  
end s p rin g  in  f ig . ( i l l .  2 ) a re  g iv en  w ith  s u ff ic ie n t a c c u ra c y  
fo r  an unw ind ing  s p rin g  b y :-
" " " ( f & ë y  + 1 2 ) + a c o s ( e - S |5 + V ) 2 y
 ---------------------------- I I I .  32
2 2
y ~ ^ ® i n ( ®  •’■ I e ' ) '  j â h )  - ^ * ^ 2
K 6 ^w h e re  ^  -  O' + y
E q u a tio n  ( i l l .  32 ) does not in c lu d e  the  in flu e n c e  of s p rin g  
e r r o r s  such as e c c e n tr ic ity . H o w e v e r  these  e r r o r s  do no t 
a lt e r  the fo r m  o f the s p rin g  to any s ig n if ic a n t e x te n t and  
hence can be n e g le c te d .
T h e  o r ig in a l ra d iu s  of the a rc  A B  b e fo re  f r e e  end d e fle c tio n
is  r  and the len g th  A B  is  1  . H ence -  
T
O' ■=
T f
w h e r e  r  -  r  + A x  
T f  T
I f  i t  is  assu m ed  th a t the  P , Q and M  loads h ave  a s m a ll
o
e ffe c t upon the o v e r a l l  shape of the f r e e  end s p r in g , the  
bending m o m e n t a t any p o in t D  on A B  is
A
M D P r^ ^  . s in  (o ' -  t ) -  Q r^ ^  -  cos (O' - ^ ) j  -
and at E  on B C
M p =  + u ) s in  O' -  Q r^ ^  (1 -  cos O ')
-  Q (m a  -  u ) cos O' -  M
and a t F  on the f r e e  end s p ira l
K 8^
= a P
-  aQ
T f
a (1 -K 6 )
2 '^ /  (1 -K 6 )
in  ^6 -  ^  -  cos ^6 -
cos ( e - " j2 'a ,.
-  M
T h e n  f r o m  equation  ( i l l .  31 )
^  b M DJVi^-
b
L  _  6 M p
6 M g  
M t- “Tt :—  du
o
f  a M g  •
e ô P
• e .de.
 I I I .  35
(C o n t'd )
E lA y  -  ^  '" D  ' à Q . dT  + du
°
E  à Q
+ a
L
o
O'
o = -  r
T f
b M p
7 q  • d8 .
M ^ .  dT. -  y M g .du. -  a  ^ .M r^. .8. dO .
S u b s titu tin g  equations ( I I I .  34 ) in to  equations ( i l l .  35 ) and  
m a k in g  the su b stitu tio n s  g iven  in  equations ( I I I .  3 ) and ( I I I .  5) 
enab les  the in te g ra ls  to  be e va lu a ted  a p p ro x im a te ly . T h e n  
ass u m in g  the fo llo w in g  co n d itions:
L, ■
T f a ( e ^  + m ) + 2 a Y  , £ + ^ ^ + 1
O '
P  and Q can be d e r iv e d  f r o m  equation  ( i l l .  3 5 ). N e g le c tin g  
te rm s  c o n tr ib u tin g  les s  than  a to ta l of 3% to  the  to ta l
e x p re s s io n  g iv e s :-
P  = E l
32Ay.(l - g )
1 -  ( l  + ^ j ( 0  -  s in  20 ) 
E  L
e^)(l ■
-  JQ ^  A - %
“ E l  a3e 4 ( l - v 2 )
5 . 1 1
A 2 ;in  O
64 A X ^  
— —
i_i
1 + 3m
©L m (1 -  cos O) s in  O
A P P E N D IX  IV
E X P E R IM E N T A L  E R R O R  IN  T H E  F IX E D  
E N D  S P R IN G  E X P E R IM E N T A L  P R O G R A M M E
IV. 1 E q u i p m e n t  A c c u r a c y
IV .  1 .1  T h e  s e ttin g  up and d e te rm in a tio n  o f the d a tu m
p o s itio n  of the  c ro ss  w ire s  th ro u g h  the m ic ro s c o p e  is  
p e r fo rm e d  to an  a c c u ra c y  of ±  3 m ic ro n s  on both the  
X and y  a x e s . T h is  u n c e r ta in ty  g ives  r is e  to a s m a ll  
e r r o r  in  P  and Q g iven  to s u ff ic ie n t a c c u ra c y  f r o m  
equation  (5 .1 0 )  by:
ÜP = AQ  g m s
T
w h e re  E l  is  in  g m . m . m ^ u n its .
IV .  1 .2  T h e  g im b a l ax is  A  A , the sca le  b a r  and the s p rin g
a x is  jo in in g  the b a lan ce  c e n tre  to the o u te r  end, a re  
a lig n e d  to ±  0 .1 5 °  w h ich  g ives  r is e  to e r r o r s  in  Q of 
±  0 .0 0 2 5  P . In  a l l  the e x p e r im e n ta l w o rk  P  »  Q and  
hence the e r r o r  in  P  is  n e g lig ib le .
IV .  1 .3  T h e  m .m .  sca les  a re  re a d  to an a c c u ra c y  of ±
0 .1 5  m .m .  Thus i f  W p and W q a re  the b a la n c in g  w e ig h ts  
on the X and y  ax is  b a rs  re s p e c t iv e ly  the e r r o r s  in  P  
and Q a r e ,  d e te rm in e d  f r o m  the a p p ara tu s  d im e n s io n s , 
as ±  0. 001 W p and ±  0. 001 W q.
IV. 1 . 4  As d e s c r i b e d  in Append ix  II c o n c e rn in g  the  f r e e
end s p rin g  e x p e r im e n ta l p ro g ra m m e  th e re  is  an e r r o r  
in  the m e a s u re m e n t o f the w in d  angle  Y o f ±  1^ due to  
coulom b f r ic t io n  in  the b a lan c e  p iv o ts .
IV .  1 . 5 T h e  e la s t ic  o u te r  an ch o r m e n tio n e d  in  the f r e e  end
s e c tio n  c o n trib u te s  n o th ing  to  the la t e r a l  s tiffn e s s  o f the  
s p r in g . H o w e v e r , the f r e e  end d e fle c tio n  due to the  
an ch o r is  added to the s p rin g  d e fle c tio n  when, c a lc u la tin g  
P  and Q .
IV .  2 E r r o r s  of S p rin g  G e o m e try  and M o u n tin g
IV .  2 .1  T h e  e r r o r s  le a d in g  to e c c e n tr ic  p in n in g  of the ^
c o lle t  a re  l is te d  in  the  f r e e  end e x p e r im e n ta l e r r o r  s e c tio n . 
A p p en d ix  I I ,  and g ive  a to ta l c o n tr ib u tio n  to the  f r e e  end  
d e fle c tio n s  of ±  15 m ic ro n s . Thus the sp u rio u s  P  and Q  
fo rc e s  caused by th is  e r r o r  can be e x p re s s e d  by:
AP =AQ = ± gms
L
IV .  2 . 2 T h e  ra n d o m  p itc h  e r r o r s  and bunched d is to r t io n
h ave  a n e g lig ib le  in flu e n c e  b n  the sp rin g s  la t e r a l  s tiffn e s s .  
Bunched d is to r t io n , h o w e v e r , can g ive  r is e  to a f r e e  end 
d e fle c tio n  of ±  5 m ic ro n s  w h ich  g ives  the sp u rio u s  
re a c tio n  fo rc e s
AP . = AQ = ±
L
I V . 3 A c c u ra c y  of M e a s u re m e n t o f the Sprine: P a r a m e te rs
T h e  in flu e n c e  on the f r e e  end d e fle c tio n s  of the a c c u ra c y  of 
m e a s u re m e n t of the s p rin g  p a ra m e te rs  is  d is cu s s ed  in  A p p en d ix  
I I .  T h e  e r r o r s  in  the f r e e  end d e fle c tio n s  A{ A x ) and A( A y) 
g ive  r is e  to the fo llo w in g  changes in  P  and Q : -
L
AQ  ^
L
T h e  th ic kn es s  o r  d ia m e te r  o f the s p rin g  m a t e r ia l  is  h e ld  to ±
1 m ic ro n  and can be m e a s u re d  a s b o lu te ly  to  ±  3 m ic ro n s . Thus
w ith  the  round  w ir e  s p rin g s  w h e re  the w ir e  d ia m e te r  is  0 .6 5 5  m .m ,
the to le ra n c e  on the second m o m e n t o f a re a  o f the  c ro ss  s e c tio n  I
is  ±  2%. T h e  p a ra m e te r  'a* is  m e a s u re d  to an a c c u ra c y  o f ±  0 . 5%
and Youngs m odulus is  know n to ±  2%. T h u s , the o v e r a l l
in d e te rm in a n c y , w ith  the e x p e r im e n ta l round w ir e  • s p rin g s , in  
3 4
the E l / a  6 te r m  of equation  ( I I I .  21 ) is  ±  T h e  e r r o r  in
lu
0 is  n e g lig ib le . T h e  v a lu e  of E  fo r  phosphor b ro n ze  is  ta k e n  
to  be 1 1 . 6 x 1 0  g m s /m m  .
IV .  4 S p ira l S p rin g  In s ta b il ity
T h e  re m a rk s  c o n cern in g  s p rin g  in s ta b il i ty  in  the  f r e e  
end sec tio n  ap p ly  e q u a lly  in  the  p re s e n t c as e . Thus the m a x im u m  
e x p e r im e n ta l w in d  angle is  r e s t r ic te d  to  2 4 0 ° .
.V .
D y n a m ic  b e h a v io u r of the fix e d  end s p rin g
V . 1. K in e tic  en erg y  of the sp rin g
A s  the b a lan ce  o s c illa te s  the p o s itio n  of any p o in t on the  
s p rin g  v a r ie s  a c c rrd in g  to the eq u atio n  d e r iv e d  in  the fix e d
end sec tio n  (equation  (5 .8 )  ) and g iven  b e lo w :-
r r
-  j  ^ p .s in  tj^ .ds ' -  j — ~— . cos d s ' -------
c .    V . l
r c r IYoc -  Y f + ]  ^ot cos T|;^.ds' -  V — ------- - s in  ---------
2
T h e  X . and y te rm s  in c lu d e  the la rg e  ro ta tio n s  o f the b a lan ce  
s ta ff , w h e re a s  the àç^  te rm s  a re  the s m a ll d is tu rb a n c e s  to  the  
s p rin g  shape th a t account fo r  the f ix e d  end co n d itio n s . T h a t is  
the  6^ te rm s  in  a ty p ic a l s p rin g  c o n tr ib u te  less  than 10% to  x  
and . Thus to a f i r s t  a p p ro x im a tio n  the  com ponents o f 
v e lo c ity  o f any p o in t on the f ix e d  end s p rin g  a re  g iv en  by  
dx^ and dy^ w h e re  x^ = x  (o)^ + J cos ^.ds' 
dt dt
• X ^ 0_____  sin (^ (0 -g ) -  "Y(^ /g  - 1 ) )  + S' cos ^(0 - § )  >Y (^  - 1 ) )
'  ( l - a Y - V
+ d e fle c tio n s  due to  e r r o r s  in  m o u nting  and a s s e m b ly .
Y£ = Y (o)^ + J  sin  ^.ds' — — — —  V .  2
• y  _  -  & P cos ( ( 0 - § )  -  Y ( ® / ^ - l ) )  + a s in  (^ (0 -§ ) -Y (® /^ -l)^
+ d e fle c tio n s  due to e r ro s  in  m o u n tin g  and a s s e m b ly .
The a d d itio n a l d e fle c tio n s  caused by m o u n tin g  and a s s e m b ly  
e r r o r s  and the second te rm s  in  equations (V . 2) a re  s m a ll w ith  
re s p e c t to the f i r s t  te rm s  of equations (V . 2) and can be n e g le c te d . 
Thus the v e lo c ity  o f any p o in t o f the sp rin g  is  g iven  by: -
2 2
( * v )  + f e f )
■( ( d i )
0^ ( £ _  -1 )  ( l  + 2 a . l_ e )  + 
L  L
( s -1 )  + a6 
L  L
V .3
and the k in e tic  e n erg y  T^  of the  c o m p le te  sp rin g  is  th e n :-
(® / - 1 ) “^ ( l  + 2 a Y 0  ) + a^ ( - % - ! )  + a e A
2
L L '^  L
ds'
w h e re  m ^ is  the m a ss  p e r  u n it  len g th  o f the  sp rin g  m a te r ia l ,
In te g ra t in g  equation  ( V . 4 )  and noting  th a t fo r  any p r a c t ic a l  
2
s p rin g  V is  o f the o rd e r  o f 0 . 15. H e n c e :-  
T  _ a^ 8 L ^
4 8 ( i - v ¥
4 6
1 -6  V + 8 V + 8
3 (1 -v  )
O r  i f  M  is  the to ta l m ass  o f the  s p rin g  
 ^ 2 .2
M  a 6_ 
s L
12 (1 V )  ^
4 6
l - 6 v ~  + 8 v  + 8 7
3 ( 1 -V  )
V . 5
T h e  to ta l k in e tic  e n e rg y  o f the o s c il la to r  is  th en  g iv en  b y : -
2 «2
E i
12 ( l - v 2 )
i  + 6 v ^  + 8 v ^  + 2
3 F
V . 6
w h e re  I^  is  the m o m e n t o f in e r t ia  o f the  b a la n c e , b a lan c e  s ta ff  
and s p rin g  c o lle ts . F r o m  eq u atio n  ( V . 6 )  the  k in e tic  e n e rg y  of 
the s p rin g  o r sp rin g s  depends upon the w in d  ang le  y  and hence
th e re  is  an is o c h ro n a l e r r o r  due to m o v e m e n t o f the  sp rin g  
(s e c tio n  1. 2 2 ). H o w e v e r in  any m o d e rn  b a lan ce  s y s te m  the te r m  
dependent upon is  s u ff ic ie n t ly  s m a ll as to be n e g lig ib le .
V .  2 The p o te n tia l e n e rg y  o f the fix e d  end sp rin g
T h e  p o te n tia l e n e rg y  o f the  s p rin g  is  g iven  in  eq u atio n  ( 7 . 7 )  as
f
ds'
I t  i s  shown in  A p p e n d ix  I I I  th a t s u ffic ie n t a c c u ra c y  is  o b ta in ed  w hen  
Ô^is ta k e n  equal to (eq u atio n  I I I  2 . 3 ) .  Thus m a k in g  the
K 6
s u b s titu tio n  (% = (6 -  — —-) (eq u a tio n  ( I I I .  3) ) and s u b s titu tin g  fo r
d^ O^CI and 6(^gthe e x p re s io n s  g iv en  in  equations ( I I I .  1) and  
ds ' ^
( I I I .  23) enab le  the in te g ra t io n  o f the  s tra in  e n erg y  e q u atio n . T h a t is :
r  6 . , ^ r - a ^  (p^ + q^)0C^ (1 + 9 KoC + 57 %^)
, .2 \ 2 2 4
+ a^ (p^-q^)_ a  (1 + 9 /^ K a  + -^ K ^ .  OC ^) cos 2 ((X 4 "q^ )
2 3 57 2 2
+ _a  ^ pq 06. + 9 /2  K o '+  —  K O . )  s in  2 (Oi 4
3 3+ C pa <x (1 + 5. K a ) s in  (a  + V]^ ) -  C £  a 06 (1 + ^X o c) cos (oc + v]^ )
2 ' 2  2 ^
+ p (D  -  C s^) Ot ( 1 + 3y .^ K a) s in  (c6 +y |j)
-  q (D  -  C s^ ) OC (1 + ^  Koc) cos ((% + i] )^ dot V . 7
In te g ra t in g  equation  (V .  7) be tw een  l im its  and n e g le c tin g  te rm s
6
c o n tr ib u tin g  less  th an  a to ta l o f 3% to the c o m p le te  e x p re s s io n  g ives:
L  ,2  Î  3 , 2 ^ 2 . ' ” “ ^
r  ds'  ^  . ( p  + q  ).
o ds''
V . 8
( 1 - K 6 ,  )
T h is  e x p re s s io n  is  e x p re s s e d  in  te rm s  o f 0g and 6  ^ by us ing  the  
a p p ro x im a tio n s  shown in  eq u atio n  ( i l l .  1 6 ). F r o m  eq u atio n  
(5 . 10) p and q can be e x p re s s e d  a s : -
p = Ax -  X^ 6Y
q = . Ay -  X_ Ax
(V . 9)
w h e re
> 3 /2  "
and
16 ( 1 -  K O jj 3 + V  cos 2 ( 6 + Y  -  5 )
X »  
1
.  '  °
fo r  a l l  Y » hence (p^+q^) and qp
a p p ro x im a te  to : -
p^ + q^ = ( A x^  +A y^ ) -  4  Ax. Ay. X^ X^
2 2 2 
qp = ( Ax + AY )  ^ j  ^2  + Ax Ay. X^
T h e r e f o r e  e q u a t io n  (V. 8) c an  be  e x p r e s s e d  a s : -
j 6“ r 1 . ds* ^  -X,d c I ( A x^  + Ay^) \  i  ® 'L  ^22 (1 -K
A x  A y J 4 X2 a ^  01 ,^  . X ^
X I 2 ( i - K  8 ^ y
(V . i o )
1 0g ^  \ 2  :
 ^ - F I T K T J s
=  1 -
T
1 + . cos .  2 (6^  + X  -  § )
L (1-K6^)Yi -vV
2 -3
s in ce  S /g is  o f the o rd e r  o f 10 fo r  a ty p ic a l s p rin g .
S im i la r ly  ^ ^  2 - ,  ^  ^ ^
2 ( 1 - K 6 j ^
8(1 -K 6   ^ )' 
0 (1 -v 4 )
XJ
3 /2
^ 3  _ ,
— -  V . cos 2 (e o+ï-i)J
H e n c e , s ince  Ax in  any p r a c t ic a l  s p rin g  is  a lw a y s  g re a te r  and g e n e ra lly  
c o n s id e ra b ly  g re a te r  th an  A y ,equation  (V . 10 ) b e c o m e s :-
Î 3 / 2'Ck'i • “ 1 . d s' .  8 ( 1 - K 6 e ) ( a x ^ + a y ^  ( V . U )d s t
T h e  to ta l s tra in  e n e rg y  o f the s p rin g  is  th en  g iv e n  b y :-
U (V .1 2 )
V . 3 S o lu tio n  o f the  eq u atio n  o f m o tio n  o f the o s c il la to r
C o n s id e rin g  a m u lt ip le  s p rin g  s y s te m  co n s is tin g  o f ( j - i )  
l in e a r  s p rin g s  and one s p rin g  e x h ib itin g  the n o n - l in e a r i t ie s  
d e s c rib e d  in  the p re v io u s  s ec tio n , th e n  the  e q u atio n  o f 
m o tio n  fo r  the s ys te m  is  f ro m  the  L a g ra n g ia n  e q u atio n  
(7 . 2)  g iv e n  b y :-
4 E I
^  I  4  S . Y 4 ( A + A y^)i = V  
L '  J
w h e re  is  the to ta l l in e a r  s tiffn e s s  o f the  s p rin g  s y s te m  
(e q u a tio n  ( V I I .  i )  in  A p p e n d ix  V I I )  and I^  the to ta l in e r t ia  o f  
the s ys te m . T h e  above eq u atio n  can be re a r ra n g e d  to g ive  : -
(V . 13 )
2 2 
Ÿ  4 ciD Y 4 cjû p w  (y) -  V / I g  = 0
w h e re
W -■ . S. 
I t '
E l
and
W (y ) = b y
. ( A x L  A y 2 )
(1 + V^ )
In  a s in g le  s p rin g  s y s te m  Sj = E I / L  and hence p = 1 /  8 ^  .
F o r  any p r a c t ic a l  s p rin g  o r  s p rin g  s y s te m  p «  1 and pW  (y)
«  Y  fo r  a l l  Y . W (y) Is  a continuous fu n c tio n  o f  y  and  
conta ins  no t im e  dependent te r m s . T h e  im p u ls e  V  a c ts  o v e r  
a p o rt io n  o f the c yc le  and is  o f constan t m a g n itu d e .
2 . 2
L e t  G(y) = Ÿ 4 W Y 4 (JÛ p "Wly) - y / l r j ,  ____________ (V . 14)
G(y) = o fo r  an e x a c t  so lu tio n  and d e v ia te s  f ro m  z e ro  
a c c o rd in g  to the a c c u ra c y  o f any a p p ro x im a te  so lu tion . L e t  
the ass u m e d  so lu tio n  be o f the fo r m  -
7  = r* gin (sOp.t + c _____________(V . 1 5}
w h e re  F and c a re  constants  d e te rm in in g  the s in u so id a l
a m p litu d e  and the "D . C . " s h ift re s p e c t iv e ly  o f the
o s c illa t io n . S u b s titu tio n  o f eq u atio n  ( V . 1 5 )  in to  (V . 14) g ives
2 7 2 2 
G(y) = F (w - Wp ) s in  W pt + W c + W p W ( F s in  W ^t + c)
- v / l ^  __________(v . l  6)
T h e  a v e ra g in g  m ethods  o f W . R itz  (1 3 ), (16 ) g ive  the  
fo llo w in g  cond itions  fo r  the d e te rm in a tio n  of F and c : -
z .
G(y) . cos T d T = 0__________________ _____________(V . 17 )
2tt
Gfy) . s in  T dT = 0    (V . 18 )
o . .
f
G(Y) - ^  (G ( )) . dT = 0   (V . 19)
w h e re  t = Wpt   (V . 20)
S u b s titu tin g  equation  (V . 16) in to  eq u atio n  (V . 18) and  
in te g ra tin g  g ives
r  / 2 2 , . 2  ^ . . V
1 (W -  Wp ) TT 4 W p H ( r , c) -  —
2 T T
s in  T d r  = 0 _____(V. 21)
o
The  l a s t  t e r m  of eq u a t io n  (V. 21) i s  i n t e g r a t e d  o v e r  the  i n t e r v a l
d u rin g  the c yc le  w hen  V  5^  0. T h e  fu n c tio n  H ( F , c) is  g iven  b y :-  
2 it
H ( F , c) = J  W ( F  si n t  + c) si n T . dT     (V.  22)
o
F r o m  eq u atio n  (v . 21)
2n
V  . s in  T . dT
2 i
M ^ ^  9 ) _ ° _____________    (V . 23)
r.TT . r n
but the p e r io d  T  o f the o s c il la t io n  is  g iven  by  
T  = —
2rr
(V . 24)
In  any p r a c t ic a l  s ys te m  the  to rq u e  p u lse  V  is  s m a ll and acts
on the o s c illa t io n  n e a r to the top dead c e n tre  p o s itio n . U n d e r
th ese  cond itions  the change in  p e r io d  due to V  is  v e r y  s m a ll.
H ence  the p e r io d  T  can be e x p re s s e d  a p p ro x im a te ly  a s : -  ...
2rr
V . s in  T . dTf
H ( r , c) J q
T  «  r r  -  M- ■ ' ,  f  +
2
since p and h ig h e r o rd e r  te rm s  in  p a re  n e g lig ib le . T h e  
p e r io d  o f the o s c illa t io n  i f  the n o n - l in e a r it ie s  a re  ab sen t is  T ^  
w h e re
T  = 2 )1  
o W
T h e re fo re  the  change in  p e r io d  AT due to the s p rin g  non- 
l in e a r i t ie s  o n ly  is  g iven  b y :-
2n
AT = T  -  T q = ^  W ;(r  s in  t  + c) s in T  . d T   (V . 25)
o
and the change in  p e r io d  due to the p u lse  V  is
2 tt
A t  -   (V . 26)3r J
1 o
in te g ra te d  o v e r the p e r io d  w hen V  is  a c tin g . E q u a tio n  (V . 26) 
is  know n in  h o ro lo g y  as A i r y ’ s fo rm u la  and is  d e r iv e d  b y  a 
d if fe re n t  m e th o d  fo r  a l in e a r  s p rin g  o s c il la to r  w ith  p u lse  
d r iv e  b y  R . A . F e l l  (1 7 ). T h u s  i f  the  changes in  p e r io d  due to  
d is tu rb a n c e s  to  the  o s c il la to r  a re  s u ff ic ie n t ly  s m a ll th e y  can  
be a n a ly s ed  s e p a ra te ly  and the re s u lts  sum m ed.
T h e  co n d itio n  in  eq u atio n  (V . 19) g ives  in  c o m b in a tio n  w ith  
eq u atio n  (V . 1 4 ) : -
S u b s titu tin g  eq u atio n  (V . 16 ) in to  the above eq u atio n  g iv es : 
2 tt
1 r  2 2 2 2
r  (w  -  W p  ) s in  T + (s) . c + W p W (‘V) -  V / I ^
+ p, r ( w ^  -  W ^ )  s in  T+ IOC + w^pW(y) -  V / I r ^ •dT= 0 
( V . 2 7 )
F r o m  e q u a t io n  (V. 21)
2 tt
r ( ,  . I j  ^
o
V  sin T . d-T 
T
In  any p ra c t ic a l  sys te m  the la s t  tw o te rm s  in  the  above eq u atio n
a re  s m a ll,  and w hen m u lt ip l ie d  by  p can be n e g lec te d . H e n c e ,
2
n e g le c tin g  te rm s  in  p and h ig h e r , and in te g ra t in g , eq u atio n  
(V. 27) b ecom es
2 tt 2 tt
o
" V  / \
2ttc + p ^  W ( y ] . dT -  J   ^ ^ 2  ^ 1 + p ^ j . d T
J
2 tt.
b W  . c . dT = 0    ( V.  28)
o
B ut (1 + p . ~  1 fo r  any p r a c t ic a l  s p rin g , c is  know n
to be s m a ll and hence to a f i r s t  a p p ro x im a tio n  cp te r m s  a re  
n e g lec te d  to g ive : -
,2n 2^ 1
r  W ( r
T O
Th u s  the fa c to r  c can be tre a te d  in d e p en d e n tly  fo r  d if fe r e n t
n o n - l in e a r it ie s  and the re s u lts  su m m ed . H en ce  i f  the
in flu e n c e  o f the pu lse  V  is  s m a ll the fa c to r  c and the p e r io d
change AT due to  the s p rin g  n o n - l in e a r it ie s  a re  g iv e n  b y : -  
2 tt
AT = ^  W ( r  . s in  t). s in  T. dT  (V . 30)
o
and
2 TT
- ü _
. 2TT
W( r  . s i n r )  d.T   (V. 31)
o
since cp te rm s  a re  n e g lec te d .
V . 4  E v a lu a tio n  o f AT and c
T h e  to ta l f r e e  end d e fî.e c tio n ,c o n s id e re d  is  m ad e  u p .o f the  
fo llo w in g 'e le m e n ts  f ro m  the f r e e  end s p rin g  s e c tio n :-
1Ax = Ax. + Ax^ + Ax^ + A x ^  + Ax ( V . 3 2 )
Ay = Ay. + Ay^ + AYg + AYg + AYg^. + Ay^ + AYrj,
I t  is  a ssu m ed  in  eq u atio n  (V . 32) th a t the f re e  end d e fle c tio n s  
fo r  a p e r fe c t  s p rin g  w ith  a c ra n k e d  o u te r te r m in a l  can be  
e x p re s s e d  a s : -
Ax = Ax. + Ax^
Ay = Ay. 4 Ay^
T h is  a s s u m p tio n  is  ju s t if ie d  in  eq u atio n  ( 3 . 1 5 )  i f  the  a n g u la r
1
len g th  o f the te r m in a l  is  l ess  th an  90® and i f  m/Q ^  T.  F r o m  
e q u atio n  (V . 32) the sum  o f the sq u ares  o f the f r e e  end  
d e fle c tio n s  i s : -
( A x  +  A y ^ )  =  ( A x . ^  +  A y . ^ )  +  ( A x  ^  +  A y / ^ )  +  ( A x  ^  +  A y  
1  1  A A c  c
, 2 , 2^   ^ 2 ^ 2 ^  2 2 
+ (^x^ + Ay^ ) + (Ax^ + Ay^ ) + Ay^ + Ay^^
+  2  A x .  A x . +  2 A x .  A x  +  2 A x .  A x  +  2 A x .  A x  
x A  1 C i n  1 "]
+ 2Ax^ 6%^ + 2Ax^ Ax^ + Ax.^
+  2  A x  A x  +  2 A X  A x  +  2  A x  A x  
c  T  c  n  n  T
( V . 3 3 )
+ 2 A y Ay, +  2 A y .  A y _  +  2 A y .  Ay_ +  2 A y .  Ay^
1  A 1  C l  Ei l  o c
+  2 Ay ^ y  +  2 A y .  A y „  +  2 A y  A y ^  +  2 A y
X i  i  n  /y^ c  ^ Ay,
+ 2Ay^  Ay 5c + A^y^  Ay,j, + ay^
+ 2Ayg Ay^^ + 2&yg Ay,j + 2Ay^ Ay^ + 2Ay^^ A^i
+ ^Aygc Ay„ + % y^  Ay„
W h e r e  f o r  a n  u n w i n d i n g  s p r i n g
Ax^ = 2 a y
1-v  + 2^
V  c o s  (O"' +  y )
(V .34 )  C o n t . . .
Ay^ = "2ay
( 1 - v  + 2y /G l )
2 /6 i , - v ®  s in (c r '+  y ) - ^  cos(cr'+  y).
(V ,34)
f r o m  equations  (3 . 13) and ( 3 . 1 5 )
Ax = -  aX
A
cos (e  + y )  -  cos e
Ay^ = ” aX f s in  e -  s in  ( e + y)J
f ro m  e q u atio n  ( 3 . 1 7 )
(V .3 5 )
A^T Ky Y.
where K
8 ^ (1 -v  ) L L ' J
and K = 4am
y - [ s i n Q . f cos Q
(V .3 6 )
f r o m  eq u atio n  ( 3 . 1 5 )
Ax —n
2an V  (1  -  n /e  ) • r J  \__________________o_ y . s in  (cr + y )
e (1 - v^ )o
-2 a n  V ( l - n / 0 )  , i
^   ---------------------------------2_ Y cos (o- + y )
n ( 1  -  V )
(V .3 7 )
> f r o m  eq u a t io n  (3 .16 )
( V . 38 )
f r o m  eq u a t io n  (3 .1 9 )
= " a (0 ^  + m). ÔC (V .3 9 )
S u b s titu tin g  th e  above equations in to  eq u atio n  (V . 33) and  
n e g lec tin g  te rm s  c o n tr ib u tin g  l es s  th a n  a to ta l o f 6% to the  
co m p le te  e x p re s s io n  g iv e s :-
2 r 2 2 4a.K
(.1 -  V  )
X + 2a ■ ( 0^ + m) k  .
2 4 2 2 4
+ 4a (1 -v  ) 4a  n V (1  -  2 n /0
< . - v Y “  •   n -----------  ° 1
+ Y -  4 a Ax
( 1 - v  )
“  -  2 aX cos e -  2 A x ^ .K x  + 2 a \  (0^ + m) k  . s in  e
+ 2 aXK s in  e -  2 a Ay ( 0 ,  + m )k -  2 Ayy  c JLi c /
2
+ 2 a^ (0T + Ô k  4 2a ( 0  4 m) 6c K y -----------— cos e
L c L (1 -  V )
r  2 2
4 (Ax 4 Ay ) 4 2aX A x  cos e . — 2aX Ay sin e
I c c c c
2 2 2 4 2a (0  4 m) 6 X . s in  e -  2 /\y  a (0  4 m) 6 4 2a \Jj C C  Jj c ]
r. 2 2
2a X cos Y +
■' 2 2 
4aS,nv^ (1 -  - ^ )  + 
e , ( i - v 2 )  °  ( i - v  ),
Y cos (<5+e + Y )"”Ycos (^  ^+ g+2y ^I-
4v a ax 4a  nv. a y ( l - n / 0  ) + 4a nv (1—r . ) ( 6  +m)^ c o 0 L Ô— - • c Y cos (c^ + y )
2 2 2 
- 4 a  K v  2 2 4 a n v  ( 1 -  n /0  )(0 _  + m)k
X  8  a V  o L+ --------- --- --------- - ---- -—"T------------------ —
( 1  “  V  )
2 2 - ,
4a  n V ( l - n / 0  )
0 (1 -v  ) o
Y^ cos Ccr^  + y )
4a  V Ay 4a^  v (0  + m) ô 4a  n Ax ( l - n / 0  )
C   JL/ C C O
(l-v^S (l-V^S
Y s in  (Ô fY  )
2 2 2 2 2 
4a (0^  + m) kv 4a  v 8 a n v (1  -  n /0 ^ )
(1 -v ^ ) (1 -v ^ ) 0 (1 -v ^ )  o
4  a n  V K ( l - n / 0  ) 
X  o
•0  (1 -v ^ )  o
2  /  '
Y s in  (o' + Y)
- 2 a X cos (e  + Y^ + 2 a X K + ^ - 2 - |  
( 1 - V  )
Y cos (e  + y )
+ j2aX Ay^ + 2a^ (0£Vjn) 6^ x j  s in  (e  + Y^
+ ^ 2 a \  (0^+  m)k -  2aX J y  s in  ( e + Y^ (V .4 0 )
F r o m  e q u a t io n  (V. 33) ^ A . 2 ( 1 -  0  (6x2 ^ ^^2)
a (1+v )
hence the co n stan t te r m s  in  e q u atio n  (V . 40) d is a p p e a r in  the
d e r iv a t io n  o f W( Y) *  T h e  te rm s  l in e a r  in  v in  eq u atio n  (V . 40 ) w hen
2
su b stitu ted  in to  e q u atio n  (V . 30) g ive no change o f p e r io d . T h e  y
te rm s  o f e q u atio n  (V . 40) p ro d u ce  a co n stan t change in  p e r io d  th a t
2
is  o f no p r a c t ic a l  in te r e s t .  T h u s  co n stan t, Y and y te r m s  o f 
eq u atio n  (V . 40 ) a re  ig n o re d  and the  re m a in d e r  o f the equa>tion 
su b stitu ted  in to  equations  (V . 13 ) and (V . 30) to  fin d  the change in  
p e r io d  w ith  a m p litu d e ,A T , re s u lt in g  f r o m  the s p rin g  n o n - l in e a r it ie s ,  
N o tin g  th a t
J^(E ) = i C O S ( 8  s i n  p -  vp) dp
w h e re  (Z) is  an  in te r g e r  o rd e r  B e s s e l  fu n c tio n  o f the  f i r s t  k in d , 
en ab les  eq u atio n  (V . 30) to be in te g ra te d  to g ive :
= 32rrv^  cos . (J q ( D  -  F . J ( T ) )
—  ] 2 4E l /  u) 6 L ( 1 - v  )
• ~ 8 t t  ^  _  16n X s in  e J (F)
I ^ (1 + v ^ )  ^ w 8.^ (1 -v"^)
Li L
+  1 6 tt X s in  i a  + e).(J (F ) -  2 J (2 F ))
 2— °  °
U)0  ^ ( 1 - v )
4- 3 2  tt n  V  ( l - n / 0  )
UD 0^  ^ 0 Q  ( 1  -
N o
2
1 6 n  X n V ( 1  - n/0Q  )  s in  (cr^ 4- e)
ü) 0_ ^  0  ( 1  -  v ^ )  L o
1 6 n  J  ( D  o ^ ^ c  s in  cr - üç
2 4 
tü  0 ( 1  -  V  ) a a
1 6 tt 
2 4 -  r ' i (ni
(u8_ (1 -  V  )Ju
4- £ x  cos f tf /r  4- 2 ^  s in  cr
a a -
8 tt X i(D - 2 ç cos
0) 6^^(1 4- v ^ ) r a
o i  s i n  c r '  , ( j ^  ( D  -  r . J j ( D )
(0^ 4- m) k sin cr
Ay
a
sin e
4- (6_ 4- m) ô sin e L c
4- 8tt X __________ • k(0 4- m) co s  e 4- ^  sin g
U) e /  ( 1  4- \r^)  ^ ^
K cos e 
+  •
a
1 6 t t  n  V  ( 1
- 1)
2 4
U) 6, 0 ( 1 - v  )L o
A% /c . cos cr
. s i n cr^  -  ô_ (0_ + m) s i n cr 
“  ^
16n n V (1 -  n/ 0
2^ t o '+ _____  o |J_(D - r j .(d 12 „ _  4, O Ju)0-  0 ( 1 -  V  )L o
K . «X s in  cr
K ^
-  k(  0, + m) cos < j  ^ cos crL &
L (V .4 1 )
S im i la r ly  the  fa c to r  c is  d e r iv e d  f r o m  equations ( V . 1 3 ) ,  (V .  40 ) and  
(V . 31) to  g ive  : -
a ■ M
c = -  2 E l 2Ax 2a
2 2 2 
S .a  ( 1 + v )  0,  L 
] i"
c 2 -  K%
1 - v
-  2 AYg [a k(e^+m) + K^J
+ 2 . a 6^ (0 ^  + m) ja k  (0^  ^ + m) + K | -  2aX
« J -
4a
(1 -v ^ )
cos e
[•+ 4 a X |a k (0^ + m) +
8av^ . cos a  . r. (j^(r) + r
( 1  -  V  )
^ 4a X cos e  ^ (J^(D - P J^ CD) 
(1 -  V^)
+ 8^^ n .v ^  (1  -  n /e ^ )  CCS /  + F J ( D )
9
0 (1  -  2 V  )
k '
2 2
+ cos (o-'+ e )  | J  ( D  -  r  J , ( D  -  J ( 2 D  +  2 P  J
(1 -  v^) L O 1
j ( 2 n ]
1 +
n ( l  -  n /0  ) o
C V n - r v n ) Ax cos cr'+ s in  cr^
+ a Ô (0 , + m) s in  &  c L ']
4a V
(1 -  v " )
a k (0j^ + m) . cos cr
+ 1C s in  cr + ^ y . cos cr
[‘+ 2a X. J ( D  Ax s in  e + Ay cos e o c c
+ a 6 ( 0 ,  + m) cos ec '  L
+ 2a X (J (^r) -  r ja k (0^+ m) s in  g
+ Kx cos G + K s in  g
4a n V (1 -  n /0  )
(1 -  v '
v J r
 —  ( j ^ ( D  -  r  j jC r ^  jû X S i n  cr c
-  Ay^ cos cr'-  a 5^ (0^ + m) cos cr
+ 4a n V  (1  “ n /0  )
(1 -  v ^ )
o i . r .  ( j jC n  + r  j ^ ( d) -  a  k ( 0  +  m )  s i n  crL
1 I
-  K s in  O' + K cos cr
L (V .4 2 )
Thus c co n s is ts  o f a constant t e r m  w h ich  is  dependent upon the  
e r r o r s  in  the m o u n tin g  and a s s e m b ly  o f the s p rin g , and ho t upon  
its  in t r in s ic  n o n - l in e a r i t ie s ,  and an  a m p litu d e  dependent te r m  
o f s im i la r  fo r m  to th a t d e r iv e d  fo r  the change in  p e r io d  o f the  
o s c il la to r .  T h e  to ta l v a lu e  o f c is  g e n e ra lly  s m a ll and in  an y  
p r a c t ic a l  s p rin g  does not exceed  2 ° w hen the a m p litu d e  o f  
o s c il la t io n  is  2 2 0 ° .
A P P E N D IX  VI
E X P E R IM E N T A L  E R R O R  IN  IN V E S T IG A T IO N  
O F  T H E  S P R IN G 'S  D Y N A M IC  B E H A V IO U R
V I .  1 B a s ic  A p p a ra tu s  A c c u ra c y
P o s s ib le  in a c c u ra c ie s  in  m e a s u re m e n t and the s e ttin g  up of 
the e x p e r im e n ta l eq u ip m en t d e s c r ib e d  in  sec tio n  (8 ) a re  d e ta ile d  
below : -
V I .  1 .1  T h e  d ig ita l  co u n ter has a g u a ran tee d  a c c u ra c y  in
p e r io d  m e a s u re m e n t of ±  1 count ±  the c ry s ta l s ta b il i ty .
-6T h e  c o u n te r is  used  on the 10 s ec . ran g e  and the  
c ry s ta l  s ta b il i ty  is  ±  I p s .  H en ce  the to ta l m a x im u m  e r r o r  
is  ±  2 |jLs .
V I .  1 .2  A ir y 's  fo r m u la ,  g iven  in  A p p en d ix  V  and in
re fe re n c e s  (3 ) and (1 7 ), w hen  a p p lie d  to  a constan t 
m ag n itu d e  m a in ta in in g  to rq u e  pu lse  e q u a lly  d is tr ib u te d  
about the  top dead c e n tre  p o s itio n , in d ic a te s  th a t th e re  
is  no in te r fe re n c e  w ith  the f r e e  o s c il la to r  p e r io d .
H o w e v e r , R a w c lif fe  (1 8 ) shows th a t i f  a m o re  a c c u ra te  
a n a ly s is  o f an o s c il la to r  w ith  a pu lse  in  th is  p o s itio n  is 
conducted , th e re  is  a v e r y  s m a ll  d is tru b ra n c e  to  the  
p e r io d . T h e  d is tu rb a n c e  is  dep en d an t upon the  w id th  
of the pu lse  and, in  th is  th e s is  o r in  any p r a c t ic a l  p re s e n t  
day  c lo ck  o r  w a tc h , is  n e g lig ib le .
V I .  1 .3  T h e  photo c e lls  th a t d e te rm in e  the p o s itio n  of the
m a in ta in in g  to rq u e  pu lse  a re  p o s itio n ed  to an a c c u ra c y  of 
±  6 m in u te s  of a r c .  Thus th e re  is  an u n c e r ta in ty  in  the  
a c tu a l p o s itio n  of the to rq u e  pu lse  as shown in  f ig  (V I .  1 ). 
H o w e v e r the m ag n itu d e  of the e r r o r  is  such th a t its  
in flu e n c e  on the o s c il la to r  p e r io d  is n e g lig ib le .
V I .  1 .4  D ue to the  m e c h a n is m  d e te rm in in g  the s ta r t  o f the
to rq u e  p u ls e , d e s c r ib e d  in  sec tio n  8 . 1 . 2 ,  th e re  is  a 
p o s s ib le  d e la y  o f up to lO p s  b e tw een  the  d em an d  pu lse  
and the a c tu a l s ta r t  o f the d r iv e  p u ls e . Thus u n d e r  
adverse  cond itions th e re  is  a m a x im u m  e r r o r  A in  the  
c o -o rd in a te s  a t w h ich  the  d r iv e  pu lse  s ta r ts .  T h is  is  
i l lu s t r a te d  in  the phase p lan e  in  f ig u re  (V I .  2 ) . I t  is  
a ssu m ed  th a t, fo r  the p re s e n t p u rp o s e , the  s o lu tio n  of 
the equation  of m o tio n  o f the  o s c il la to r  is  g iv en  to  
s u ff ic ie n t a c c u ra c y  by
Y = r  s in  u)t 
T h e n  the  v e lo c ity  Ÿ a t Y = Y, is  g iv en  by
V I .  1
F r o m  A ir y 's  fo r m u la  the change in  p e r io d  (A T )  due to A 
fo r  a c o m p le te  c yc le  is  g iven  by  :
ACTUAL rAfv\HTA\^i\U& ?ÜLSE
ACTUAL îAA\HTMH\UCr ?ULSE
F\Gr. \!1. \ •
_ACTUAL 
PULSE ^
PULSE
F IG -.  V I . t
u)S. r 3  
3
" s r tx T p "   ^  ^  V I .  2
w h e re
\2
1_ 1 and Ÿ— ^  i  . 
\
S . is  the s tiffn e s s  o f the h a irs p r in g  and V  the m a g n itu d e  
J
o f the to rq u e  p u ls e . T h e  p e r io d  d is tu rb a n c e  is  v e r y  s m a ll ,  
bein g  ty p ic a lly  c o n s id e ra b ly  les s  than  1 pS .
V I .  1 . 5 T h e  r is e  and f a l l  t im e s  of the c u r re n t  p u lses  in  the
m o to r  w in d in g s  a re  o f the o rd e r  of 7 0 p s . Th u s  th e re  is  
a s m a ll a s y m m e try  o f the  e ffe c tiv e  p u lse  about to p  dead  
c e n tre , s im i la r  to th a t noted  a b o ve , th a t g ives  r is e  to  a  
change in  p e r io d  of
J
A T - 5  X /  l  -0 ^ , / r  ) ‘
J
T h is  p e r io d  d is tu rb a n c e  is ,w ith  the e x p e r im e n ta l s p rin g s ,  
ty p ic a lly  o f the o rd e r  o f 2 ps .
V I .  1 .6  T h e  to rq u e  s u p p lie d , fo r  a g iven  in p u t c u r r e n t ,  by
the  m o to r  d if fe rs  by le s s  th an  2 . 5% w hen  d r iv in g  c lo c k  -  
o r  a n t i-c lo c k w is e  o v e r  the to rq u e  ra n g e  of in te r e s t .  I f  
the pu lses  a re  e q u a lly  d is tr ib u te d  about the top  dead  
c e n tre  p o s itio n  of the o s c il la to r  th is  d is c re p a n c y  
has a n e g lig ib le  in flu e n c e  upon the p e r io d . T h e  e r r o r s  
in  p o s itio n  c o n s id e re d  in  sec tio n s  V I .  1 .3 ,  V I .  1 .4  and  
V I .  1 . 5 a re  too s m a ll to be s ig n if ic a n t in  c o m b in a tio n  
w ith  the to rq u e  v a r ia t io n .
VI. 1 .7  V a r i a t i o n  of the  p ivo t  f r i c t i o n  d u r in g  the  cyc le
in tro d u c e s  a change in  p e r io d  w ith  a m p litu d e . T h is  g ives  
r is e  to a s c a tte r  o f e x p e r im e n ta l p o in ts .
V I .  1 .8  T h e  ax is  o f ro ta tio n  of the b a lan ce  is  m a in ta in e d
v e r t ic a l  to a to le ra n c e  of ±  0 .1 ^ .  Thus p o ise  e r r o r s  of 
the b a lan c e  and s p rin g  a s s e m b ly  in tro d u c e  a s m a ll p e r io d  
e r r o r .  F r o m  re fe re n c e  (1 7 ) the m a x im u m  change in  
p e r io d  due to th is  po ise  e r r o r  is  g iven  b y : -
’ A.T = ±  J i ^  V I .  3
, p s “  r  ---------
J
w h e re  m g r  is  the out o f po ise  to rq u e  w hen the  b a lan ce  
s ta ff  is  h o r iz o n ta l and Œ ' is  the ang le  the s ta ff  m akes  
w ith  the  v e r t ic a l .  is  the s tiffn e s s  o f the h a ir s p r in g .  
D ue to  the  m eth o d  of m o u n tin g  the  e x p e r im e n ta l s p rin g s  
the  b a lan c e  and s p rin g  a s s e m b ly  is  no t p o ised  and 
the m g r  te r m  has a m a x im u m  v a lu e  of 5 . 0 dyne c m s .
• AT
p m a x  S . tu r   V I .  4
J
V I .  1 . 9 V a r ia t io n s  in  tem peratu re  p ro d u ce  a change in
p e r io d  o f the o s c i l la to r .  In  the e x p e r im e n ta l w o rk  the  
te m p e ra tu re  v a r ie s  s lo w ly  w ith  a m a x im u m  v a r ia t io n  of 
2 °C  o v e r a 4  h o u r p e r io d . T h e  m o to r  and s p rin g  is  
p ro te c te d  f r o m  tra n s ie n t  te m p e ra tu re  changes and a ir  
c u rre n ts  by a g lass  c o v e r . T o  e n su re  th a t the  in flu e n c e  
of th is  te m p e ra tu re  change is  n e g lig ib le  the m e a s u re m e n ts  
o f a p a r t ic u la r  s p rin g  te s t a re  con fined  to a s h o rt  
p e rio d  of t im e .
VI. 1 .1 0  T he  a m p l i t u d e  of o s c i l l a t i o n  i s m e a s u r e d  to an
o
a c c u ra c y  of ±  2 in  both the c lo ck  -  and a n t i-c lo c k w is e  
d ire c t io n s .
Thus the e r r o r s  in  m e a s u re m e n t of the p e r io d  
a m p litu d e  c h a r a c te r is t ic ,  o f a b a lan ce  and s p rin g  
o s c h la to r ,  c o n tr ib u te d  by the  eq u ip m en t a re  s m a ll.
T h e  s ig n if ic a n t e r r o r  is  g iven  a s : -
A(6T) = ±  " 4 ^ 1  M'S   V I .  5
, •*
V I .  2 E r r o r s  in  S p rin g  G e o m e try  and M o u n tin g
V I .  2 .1  E c c e n tr ic  m o u n tin g  o f the s p rin g  c e n tre  w ith
re s p e c t to  the ax is  o f ro ta t io n  g ives  r is e  to a p e r io d  
e r r o r .  T h e  causes o f th is  e c c e n tr ic  m o u n tin g  a re  as 
fo llo w s  : -
(a ) T h e  a p p ro x im a te  re la t io n  g iven  in  A p p en d ix  IV  
fo r  the d e te rm in a t io n  of the s p rin g  c e n tre  f r o m  
m e a s u re m e n ts  on its  c o ils  in tro d u c e s  a m a x im u m  
e c c e n tr ic ity  of 1 m ic r o n .
(b ) T h e  a c c u ra c y  o f m e a s u re m e n t of the s p r in g  c o ils ,  
w hen  d e te rm in in g  the  c e n tre , is  ±  2 m ic r o n s .
(c ) D is to r t io n  of the  s p rin g  g e o m e try , such as a ra n d o m  
p itc h  v a r ia t io n  o r bunched d is to r t io n , cam  in flu e  nee  
the d e te rm in a tio n  of the s p rin g  c e n tre  as in d ic a te d  
in  A p p en d ix  IV . H o w e v e r , by d e te rm in in g  the  
s p rin g  c e n tre  f r o m  s e v e ra l d a tu m  tu rn s  and
a v e ra g in g  the re s u lts  fo r  s e le c te d  s p rin g s  the  
in flu e n c e  of d is to r t io n  is red u ced  to an a v e ra g e  
e c c e n tr ic ity  e r r o r  of 3 m ic ro n s ,
(d) A  p la s t ic  bush is  p re s s e d  in to  the b o re d  s p rin g  c o lle t  
and th is  a s s e m b ly  p re s s e d  onto the b a lan c e  s ta ff .
T h e  to ta l m a x im u m  e c c e n tr ic ity  e r r o r  o f the c o lle t ,  
bush and b a lan c e  s ta ff  is  7 m ic ro n s .
Thus the  to ta l e c e n tr ic ity  of the s p rin g  c e n tre  w ith  
re s p e c t to the ax is  of ro ta tio n  is  of the  o rd e r  of 
13 m ic r o n s .
»
V I .  2 .2  T h e  ra n d o m  p itc h  e r r o r  of a ty p ic a l w a tch  o r  c lo c k
s p rin g  is  v e r y  s m a ll  and has a n e g lig ib le  in flu e n c e  upon  
the p e r io d  a m p litu d e  c h a r a c te r is t ic  of the o s c i l la to r .  
B unched d is to r t io n , h o w e v e r , can be s u ff ic ie n t ly  la rg e  
to cause som e s m a ll change in  p e r io d  w ith  a m p litu d e .
T h e  the  e x p e r im e n ta l s p rin g s  a re  s e le c te d  to  show no 
bunched d is to r t io n .
V I .  2 .3  T h e  o u te r  an ch o r p o st o f the e x p e r im e n ta l e q u ip m en t
is  s lo tte d  to re c e iv e  the s p rin g  o u te r end as shown in
f ig u re  (V I .  3 ). T h e  s p rin g  end s ec tio n  is  s e t to  the c e n tre  
of the s lo t by e ye , and the f ix in g  ad h es ive  (A r a ld ite  epoxy  
re s in )  a p p lie d . T h e  v is c o s ity  o f the epoxy d e c re a s e s  
c o n s id e ra b ly  d u rin g  the c u rin g  p ro c es s  w h ic h  a llo w s  any  
s tre s s  in tro d u c e d  in to  the s p r in g , d u rin g  the a p p lic a tio n  
of the a d h e s iv e , to r e la x .  I t  is  exp ec ted  th a t th is  m e th o d
é—
u.
©—
1 tr
o f a tta c h m e n t p e rm its  the s p rin g  to be c o m p le te ly  
u n s tre s s e d  in  its  r e s t  p o s itio n  and th a t th e re  a re  no 
e r r o r s  in  the o u te r  an ch o r p o s itio n .
V I .  2 .4  T h e  len g th  o f the in n e r  c ra n k  on the e x p e r im e n ta l
s p rin g s  is  les s  than  0 .1 5  m .m .  Thus the in n e r  c ra n k  
te rm s  in  the p e r io d  change e x p re s s io n , e q u atio n  (7 .1 3 ) ,  
a re  n e g le c te d .
Thus due to the s p rin g  g e o m e try  and m o u n tin g  
-, e r r o r s  th e re  is  an u n c e r ta in ty  in  the p o s itio n  of s p rin g  
c e n tre  of 13 m ic ro n , th a t is  aX = 0 .0 1 3  m . m .  in
»
eq u atio n  ( 7 .1 3 ) ,  w h ic h  g ives  r is e  to a m a x im u m  e r r o r  
in  the p e r io d  a m p litu d e  c h a ra c te r is t ic  o f : -
M M  '
X-f i-f
+ “ *aW0^ 2 ±^ /z ) |^Jo (T)  -  2Jo(2T) j  V I .  6
I-»
T h e  la s t  t e r m  in  th is  e x p re s s io n  is  g e n e ra lly  n e g lig ib le .
V I .  3 S p rin g  G e o m e try  M e a s u re m e n t A c c u ra c y
P a r t ia l  d if fe re n t ia t io n  of the  th e o re t ic a l e x p re s s io n  fo r  A T  
(eq u a tio n  (7 .1 3 ) ) ,  w ith  re s p e c t to  the p a r a m e te r  o f in te r e s t ,  g ives  
the o rd e r  of e r r o r  in  the th e o re t ic a l  p e r io d  a m p litu d e  c u rv e  due to  
in a c c u ra te  m e a s u re m e n t of th a t p a r a m e te r .  Th u s  fo r  a s p rin g  
p e r fe c t ly  c e n tre d  w ith  a f in ite  c o lle t  and no o u te r  a n ch o r e r r o r s  
the p r in c ip le  e r r o r  te rm s  a r e : -
A(AT)
32rr V
uje 2 Jo (r) - r j,{r) 2 Av cos cr ~ vAo". sinO"
-  2 v . * ~ ^  • cos ^ 
®L
^  32 TT cos^
0)0 2
j , ( r ) 4 T  jo (r ) V I .  7
w h e re  the a c c u ra c y  o f m e a s u re m e n t is  g iv en  by:
±  0 . 02Av V
=  ±  0.001 
Ac = ± 3 0
>
l O
V I .  8
0) is  know  to s u ff ic ie n t a c c u ra c y  to enab le  its  e r r o r  t e r m  
to  be n e g le c te d . I f  the s p rin g  is  no t p e r fe c t  b u t in c lu d e s  
som e know n e r r o r s  eq u atio n  (V I .  7 ) can be extended  b y  
fu r th e r  d if fe re n t ia t io n  of eq u atio n  (7 .1 3 )  n o tin g  th a t : -
Aa = ± 0 . 02
AO = ± 3 °
A(aX) = ±  0 .0 0 5  m .m
A, G = ± 3 °
A(am ) = ±  0 . 05 m .m  
^(Axc) = ±  0 . 02 m .m
V I .  9
A(Ayc) = ± 0. 01 m . m
A 6 = ± 0 . 1
c
T h e  te r m  A(aX ) d e fin es  the a c c u ra c y  of m e a s u re m e n t of a know n  
d e g re e  of e c c e n tr ic ity  and does no t in c lu d e  any o f the te rm s  
c o n s id e re d  in  s ec tio n  V I .  2 . •
Thus fo r  e xa m p le  the e r r o r  in  p e r io d  of a p e r fe c t ly  
c e n tre d  s p r in g , w ith  a s m a ll know n e r r o r  & ^ in  the o u te r end 
ta n g e n t, due to in a c c u ra c y  of p a ra m e te r  m e a s u re m e n t is  g iven  b y :-
A (A T) = eq u atio n  (V I .  7)
2.Av.0 .c o s C - f  v.AO - C O S O' 
c c
A0-
f  V.  6 .Ac sin c + v.ô • . c o s C
C . _
V I .  10
E q u a tio n  (V I .  10 ) to g e th e r w ith  the  e x ten s io n  w hen  and Ay^ 
^ o a re  a p p lie d  and i l lu s t r a te d  in  the e x p e r im e n ta l s e c tio n  (8 ).
V I .  4  S p rin g  In s ta b il i ty
I t  is  noted  in  A p p en d ix  IV  th a t s p ir a l  s p rin g s  b eco m e  
unstab le  above a  p a r t ic u la r  v /ind  a n g le . T h e  in flu e n c e  o f th is  
phenom enon upon the f r e e  end d e fle c tio n s  is  no t know n and  
th e re fo re  w in d  angles a re  c o n s tra in e d  to  the  s ta b le  re g io n .
A  fu r th e r  e ffe c t of the in s ta b il i ty  is  a tw is tin g  of the  b a lan c e  
s ta ff  about an ax is  p e rp e n d ic u la r  to its  ax is  o f ro ta t io n , thus
causing h eavy  f r ic t io n  loads a t the  p iv o ts . T h is  g ives  r is e  to  
la rg e  changes in  p e r io d  w ith  a m p litu d e  in  the u n s ta b le  and
t r a n s it io n  re g io n s . Thus th e 'm a x im u m  a m p litu d e  of o s c illa t io n  
of the round w ir e  sp rin g s  is  c o n s tra in e d  to ±  240^  and th a t of 
f la t  s t r ip  s p rin g s  to ±  3 0 0 ° .
A P P E N D IX  VII
S p r in g  D e s ig n  E x a m p le
T h e  o s c i l la to r ,  show n in  f ig .  (V I I .  1 ), has tw o round w ir e  s p r in g s ,
one of w h ich  is f it te d  w ith  a c lo se  f it t in g  r e g u la to r , and is  e le c t r ic a l ly
d r iv e n  w ith  an o p e ra tin g  a m p litu d e , V , of 2 2 0 °  ±  1 0 ° .  T h e  o s c il la to r
p e r io d  is  a p p ro x im a te ly  0. 5 s ecs , and the m o m e n t o f in e r t ia  o f the
2
b a lan c e  a s s e m b ly  25 g m . m . m  . G ro ss  tim e k e e p in g  a d ju s tm e n t is
c a r r ie d  out by m eans o f t im in g  w e ig h ts  a ttach ed  to the b a lan ce  and fin e
tim e k e e p in g  by m o v e m e n t o f the re g u la to r  c u rb  pins o v e r  an a rc  o f 
o
± 1 0  . I t  is  s p e c ifie d  th a t the o s c il la to r  s h a ll have a p e r io d  a m p litu d e  
c h a ra c te r is t ic  g ra d ie n t o f not m o re  than  ±  2 s ecs . /d a y / °  change in  
a m p litu d e  a t a m e a n  a m p litu d e  of 2 2 0 ° . T h e  tw o s p rin g s , o f a N i -s p a n  
a llo y , a re  i l lu s tr a te d  s c h e m a tic a lly  in  f ig . ( V I I .  2 ) and a re  assu m ed  
in i t ia l ly  to have the s im i la r  p ro p o rtio n s  g iven  b e lo w :-
0 j:^100 ra d ia n s
E
v^ 0 . 1
T h a t is  the s p rin g s  h ave  a p p ro x im a te ly  11 tu rn s .
m  = 20 ,
= 4 5 °  w ith  the c u rb  pins in  the m e a n  p o s itio n .
V = 4 5 °
F r o m  in s p e c tio n  of eq u atio n  (7 .1 4 )  the g ra d ie n t of the p e r io d  
a m p litu d e  c h a ra c te r is t ic  is in v e r s e ly  p ro p o r t io n a l to 6 and  
dependent in  p a r t  on v^ . Thus the va lu es  o f 6 ^  and v  in d ic a te d  above  
a re  chosen on the basis  o f ta k in g  the m a x im u m  v a lu e  o f 0_ c o n s is te n t
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w ith  an a c c e p ta b le  v a lu e  of sag out o f the s p rin g  p la n e , and h av in g  a 
c o lle t  of p ra c t ic a b le  p ro p o rtio n s .
T h e  p e r io d  T  o f a m u lt ip le  s p rin g  o s c il la to r  co n ta in in g  j  l in e a r  
sp rin g s  is  g iven  g e n e ra lly  b y :-
IT
T  = 2 ir
In  th e  p re s e n t e xa m p le  the tw o sp rin g s  have a p p ro x im a te ly  eq u a l 
le n g th s , second m o m e n t of a re a s  and Youngs m o d u lii.  T h e y  a r e  a ls o  
n o n - l in e a r ,  bu t the above p e r io d  equation  is s u ff ic ie n t ly  a c c u ra te  fo r  
th is  s ec tio n  of the a n a ly s is . T h a t is  in  the  p re s e n t e x a m p le
^  "  " i W "  — -  V I I .  1
w h e re
L  = |  0 ^ ( 1  - v b
4
■ - T T
H o w e v e r , the w ir e  d ia m e te r  d and the s p rin g  p itc h  (2 ira ) a long  the  ra d iu s  
o f c u rv a tu re  a re  re la te d , as a consequence of the m eth o d  of m a n u fa c tu re  
(S ectio n  2 ), by the re la t io n s h ip : -
2 i r a  = n .d  
1
w h e re  n^ is  an in te g e r .
• a = ^2 IT --------------------- V I I .  2
T h e  in te g e r  n^ is the n u m b er o f w ire s  wound in to  the box (S ec tio n  2) 
and g e n e ra lly  has a v a lu e  of th re e  o r  four.- S u b s titu tin g  eq u atio n
(VII. 2) in to  eq ua t ion  (VII. 1) and  so lv ing  f o r  d g ives :
d =
E T VII.  3
Th u s, s u b s titu tin g  the s p rin g  p a ra m e te r  va lu es  assu m ed  above, le t t in g
9 2n^ = 3 and n o tin g  th a t E  is  19 x  10 d y n e s /m .m  the w ir e  d ia m e te r  is  
found to be 0 .1 6 5  m .m .  T h e  p itc h  p a ra m e te r  a is  0 .0 7 8 0  m .m .  /r a d ia n  
and the ra d iu s  r^  o f the c ir c u la r  a rc  sec tio n  o f the s p rin g  (f ig . V I I .  2 ) is  
g iv en  b y :-
=  9 .4  m . m .
T h e s e  c a lc u la tio n s  i l lu s t r a te  one of the d if f ic u lt ie s  o f s p rin g  d e s ig n  
w ith  round w ir e .  I f  f la t  s t r ip  is used the  v a lu e  of a can be s p e c ifie d  
in i t ia l ly  and the w id th  to th ic kn es s  ra t io  o f the s t r ip  a d ju s ted  to g ive  the  
re q u ire d  s p rin g  s tiffn e s s . A  fu r th e r  d isad van tag e  of the round w ir e  
s p rin g  is the lo w  s tiffn e s s  u n d e r shock conditions out of the  s p rin g  
p la n e . H o w e v e r , as shown in  th is  th e s is ,d if f ic u lt ie s  a r is e  in  the  
e s t im a tio n  o f the p e r io d  a m p litu d e  c h a r a c te r is t ic  o f an o s c il la to r  
equipped w ith  a f la t  s t r ip  s p rin g .
T h e  g ra d ie n t o f the p e r io d  a m p litu d e  c h a r a c te r is t ic  o f round w ir e  
s p rin g  o s c illa to rs  a t a m e an  a m p litu d e  of 220^  is g iv en  f r o m  eq u atio n  
(7 .1 4 )  a s : -
d (ZT) _ 239 E l
d r  " e T ^ s X
E  J
2 .6 4 % 2
155 v (1 ■ + cos cr' f  4  s i n cr '
2a \ 2 a  2 /
4- 7 7 X—t T "  + 1 6 . 5 v  X s in ( c r '  + e )  (1 '
(Coni 'd)
^ 2 . 6 4 X -f 6 (0 + m ) l  s in  C -  .
V a  c E  /  a
s e c /d a y / °  change in  a m p litu d e
cos e
w h e re  in  th is  e xa m p le
S .L  
J
..  _ 4 am  , .
ana I 1 -  cos
(7 .1 4 )
( l  S7 + ( I  + ^  s in  n )
K. E ^ . | ^ s i n n +  1 ( 1 + ^ )  cos n )
V I I .  4
f r o m  equation  (3 .1 5 ) .  T h e  p a ra m e te r  k  is  z e ro  fo r  s p rin g  (b ) and is  
dependent on the s tiffn e s s  of the s ec tio n  A B  fo r  s p rin g  (a ). T h a t  is  k  
is  g iven  f ro m  equation  (3 .2 0 ) a s : -
k  = 2 (6 l  + rn) 6 ^  ( l - v 2 )
V (V -  s in  2 \)) -  2(1 -  cos S) 
V -  s in  2v V I I .  5
S u b s titu tio n  of the va lu es  of the s p rin g s  p a ra m e te rs  in to  equations ( V I I .  4 ) 
and ( V I I .  5) y ie ld s
yr. = 0. 045 m . m . / ra d ia n  '
'^x
ir = 0. 0682 m .m .  /r a d ia n'^y *
k  = 0 .0 3 2  r a d ia n /r a d ia n
T h e  o p tim u m  v a lu e  of o'* is  th a t v a lu e .a ' , th a t re d u ces  the
opt
f i r s t  b ra c k e t o f equation  (7 .1 4 )  to z e r o . T h a t is : -  *
1 + I cos o' ' +1 +
2a I opt
Thus fo r  s p rin g  (a )
( E   l E t m ) . .k ] .s incr ,   ^ = 0
\ 2 a  2 j  opt
a '  .  = - 2 9 °  o r 1 5 1 °  opt
and f o r  s p r in g  (b)
= -7 1 .  5° o r  108. 5°
opt
E ith e r  of the tw o va lu es  of quoted p e r  s p rin g  can be u s ed , the one
s e le c te d  be ing  d e te rm in e d  by  c o n s id e ra tio n  of the s iz e  o f c o lle t
re q u ire d  and the m in im u m  in te r fe re n c e  w ith  the v a lu e s  o f 6 and v
E
assu m ed  in i t ia l ly .  In  th e  p re s e n t e x a m p le  cf' is  taken  as -2 9 ^  and
. opt
- 7 1 .  5^ fo r  sp rin g s  (a ) and (b) re s p e c t iv e ly .
T h e  c o r r e c t  v a lu e  of 6^ is g iven  to a v e r y  good a p p ro x im a tio n  b y :-
eo-= - (2-nn* - ( t f '^ p t + £2))
w h e re  n *  is  the a p p ro x im a te  n u m b e r o f tu rn s  assu m ed  in i t ia l ly .  Thus
2fo r  s p rin g  (a) w hen 0 is  100  ra d ia n s , 6 is  3 1 .1 3  ra d ia n s  and v  =E  o
20 . 0 9 7 . T h e  in flu e n c e  o f the e r r o r  in  the in i t ia l  v a lu e  of v  is  n e g lig ib le .  
S im i la r ly  fo r  s p rin g  (b ), 6 is  3 0 .4 4  ra d ia n s  and v^ = 0. 092 . T h e  in n e r
I 2r a d i i  o f the sp rin g s  a re  c a lc u la te d  f r o m  r  = a / 0 + 1 . In  p ra c t ic eo \ l o
the  c o lle t  ra d iu s  is  s o m ew h at less  than  r  to a llo w  fo r  the  f in i te  d ia m e te r
o
o f the w ir e  and bend in  the  s p rin g  m a te r ia l  as i t  e n te rs  the  c o lle t .
In  any p r a c t ic a l  s y s te m  th e re  is  a to le ra n c e  on the a c c u ra c y  of 
s e ttin g  and m e a s u r in g  o f In  the  p re s e n t e x a m p le  th is  to le ra n c e  is
ta k e n  as ± 1 0 ° .  Thus th e re  is  an a d d itio n a l v a r ia t io n  in  the g ra d ie n t  
o f the p e rio d  a m p litu d e  c h a r a c te r is t ic  g iv en  b y :-
A  fd.AT U  37045  v^Ao'.
d r /  2 8 2
K^ v , (9 E  + m ) , \ cos cr'
i f  + °p^
-  (1 + s in  cr’ 
w h e re  Ao' = ± 1 0 .° .  ^ °^ V I I .  6
S u b s titu tio n  of the s p rin g  p a ra m e te rs  in to  the above eq u atio n  g iv e s , fo r  
s p rin g  (a) : -
^  ~ ± 0 . 0 7  s e c s /d a y /*^  change in  a m p litu d e
and fo r  s p r in g  (b)
^  ( ~ ^ r )  ~ ^  s e c s /d a y / °  ch an g e  in  a m p litu d e
A  fu r th e r  a llo w a n ce  of ±  1 0 °  v a r ia t io n  in  p' p ro v id e s  fo r  m o v e m e n t
opt ^
o f the re g u la to r  on s p rin g  (a)^ b r in g in g  the to ta l m a x im u m  a d d itio n a l 
g ra d ie n t to  ±  0 .1 5 5  s e c s /d a y /^  change in  a m p litu d e . Thus the e r r o r  in  
s p rin g  c o n c e n tr ic ity  and m o u n tin g  m u s t c o n tr ib u te  less  than
±  (2 -  0 .1 5 5 )  = ±  1 .8 4 5  s e c s /d a y /°  change in  a m p litu d e .
In  o rd e r  to e s t im a te  the m a x im u m  a llo w a b le  d e g re e  o f e c c e n tr ic ity
o f the s p rin g  c e n tre , w ith  re s p e c t to the ax is  of ro ta t io n , the  la t te r
p o rtio n  o f eq u atio n  (7 .1 4 )  is  e m p lo ye d . I t  is  n e c e s s a ry  to  know  the
a c c u ra c y  of p o s itio n in g  of the sp rin g s  o u te r  end p o in t. T h a t  is  the
m a x im u m  v a lu e s  o fA x^ , Ay^ and 6^. In  the  case of s p r in g  (a ) th e re  is  a
to le ra n c e  on the p o s itio n  and tan g en t a t A , and a to le ra n c e  on p o s itio n  a t
the cu rb  pins a t B as i l lu s tr a te d  in  f ig .  (V I I .  3 ). E r r o r s  in  p o s itio n  and
tangent a t A  a re  m a n ife s t as a tangent e r r o r  a t B . T h e r e fo r e  s in ce  the
to le r a n c e  A x  and  A y  a re  s m a l l  w ith  r e s p e c t  to  th e  o u te r  r a d iu s  o f  th e  
c c
s p rin g  th e 'p r in c ip le  o f le a s t  w o rk  g ives  the tan g en t e r r o r  a t B , ^ c B  a s : -  
^cB ^ - ^ c A
2 s in  V (1 -c o s  v )  ^ 
V) s in  2v
+2 + E cA  • cos
-1 /
11 7 ^ /
s in  2\). \
il -  c o sv j
a (6 ^  + m )^ \) -
(C o n t 'c i)
FIG-, vn.3.
I Z .A x (-b  (1 -  cosy:)
a ( 0 ^  +  m )  f V
s in  2 y \ —--------VII. 7
T h e  p o s itio n  to le ra n c e  A y  a t B causes a fu r th e r  change in  the tan g en t 
at th a t p o in t but th is  is  g e n e ra lly  n e g lig ib le . A x  ^  is the ra d ia l  to le ra n c e  
on the p o s itio n  of the cu rb  pins (f ig . ( V l l .  3 ) ) .  T y p ic a l m a x im u m  va lu es  
o f the o u te r end e r r o r s  a re  in  th is  c a s e :-
= ±  0 .2  m . m .
= ± 0 . 2  m .  m .
^ ^ c B
= ± 0 .  2 m . m .
A , = ±  2 °
cA
T h e  tan g en t at the sp rin g s  o u te r  end is  ad ju s ted  by eye by the  o p e ra to r .
A  s k ille d  o p e ra to r  can set 6^^ w ith in  the above v a lu e  by n o tin g  the
d is to r t io n  of the s p rin g  b e fo re  the cu rb  pins a re  engaged. S u b s titu tio n
o f the above v a lu e s  of A x ^  . , A y   ^ , A x  „  and & ' in to  eq u atio n  ( V l l . 7 )
C A  .  ^ cA  cB cA
g ives  the m a x im u m  va lu es  of & a s : -
CJj
^ c B =
T h e  v a lu e  is  s u ff ic ie n t ly  la rg e  as to cause a p p re c ia b le  d is to r t io n  o f the
s p r in g , and p o s s ib ly  cause the  tu rn s  to  touch d u rin g  a p o r t io n  of the
c y c le . Thus i t  is n e c e s s a ry  to tig h te n  the p o s itio n a l to le ra n c e  a t A  and
B . I f  A x  A y  * and A  x  ' a re  re d u ce d  to ±  0 .1  m . m . the  new  v a lu e  
c A   ^cA  cB
o f 6  ' becom es : -  
cB
w h ich  is  a c c e p ta b le .
W hen the  o p t i m u m  v a lu e  of the  c o l l e t  ang le  is  u s e d  equ a t io n  (7 .14 )
re d u ce s  to: -
d (AT) 239  
d T  =
+ 2 . 6 4 .x .
(T+v^)-
2 .64 .-^
. , + 16 . 5 V À s in  (o' f e )1 f  v 2 ) ' opt
ff (0 l i  + m ) l  s ine - Ax, cos e s e c s /d a y /o  
change in  a m p litu d e
V I I .  8
I t  is  re q u ire d  to fin d  the m a x im u m  v a lu e  of the e c c e n tr ic ity  c o e ffic ie n t
X  th a t g ives  equation  ( V I I .  8 ) a m a x im u ih  s p e c ifie d  v a lu e . T h u s , i t  is
n e c e s s a ry  to c a lc u la te  the v a lu e  o fe ,  e , th a t w i l l  m a x im is e  the .m
fu n c tio n . N e g le c tin g  the second te r m  of equation  ( V l l .  8 ), as v e r y  s m a ll .
and d if fe re n t ia t in g  the la s t  b ra c k e t  g ives  : -
A X£
^ — — tanm
-1 + 8 (e + m )  _a_______ c ' L  *
A Xf.
a
V l l .  9
Thus s u b s titu tio n  of the v a lu e s  of A x  ^  and 6  g iv e s : -
cB cB cB
^  = 1 1 2 .5  fo r  s p r in g  (a ),
m
In s e r t in g  th is  v a lu e  in to  eq u atio n  ( V l l .  8 ), and le t t in g  each s p r in g  ... 
c o n tr ib u te  h a lf  o f the s p e c ifie d  1 .8 4 5  s e c s /d a y /°  change in  a m p litu d e ,  
y ie ld s  the  fo llo w in g  q u a d ra tic  in  \  -
2.4:X.^ + 2 1 . 8 . V -  78 = 0
F r o m  w h ic h  th e  m a x im u m  v a lu e  o f  Tv. is  
X  = 2 .7 5
T h a t is  the m a x im u m  a llo w a b le  e c c e n tr ic ty  (a7v) o f the s p rin g  c e n tre  
w ith  re s p e c t to the ax is  of ro ta tio n  is  0 .1 7 6  m . m . fo r  s p rin g  (a ).
T h e  above c a lc u la tio n s  a re  re p e a te d  fo r  s p rin g  (b ), g iven  th a t  
the  to le ra n c e s  on the sp rin g s  o u te r  end p o in t p o s itio n  a r e : -
A X  = ± 0 . 2  m .  m .
c
A y ^  = ± 0 . 2  m .m .
& c  = i
Thus 2 .8 7 5 .  T h a t is  fo r  s p rin g  (b) the s p rin g  e c c e n tr ic ity  m u s t not 
exceed  0 .1 8 4  m .m .
H en ce  the c o m p le te  set o f p a ra m e te rs  fo r  s p rin g  and o s c il la to r  
d es ig n  can be ta b u la te d  as shown in  T a b le s  V l l .  1 and V l l .  2 .
T A B L E  VII . 1 .
S P R IN G  (a)
S P R IN G  P A R A M E T E R V A L U E R E M A R K S
W ir e  d ia m e te r  d 0 . 165 m m
N o . w ire s  in  box n j 3
A p p ro x  N o . o f tu rn s  n-^ 11
C o lle c t  R ad iu s 2 . 20 m m r  -  ( + a llo w a n c e  o f d 
o
fo r  bend in  s p rin g  end)
C o lle c t  ang le  ^o p t -2 9 ° W ith  c u rb  p ins  in  m e a n  p o s itio n
S p ira l  o u te r ra d iu s  r ^ 7 . 8 m m
O u te r  te r m in a l  ra d iu s  r
T
9 .4  m m
O u te r  te r m in a l  ang le  Ü 4 5 ° W ith  cu rb  p ins  in  m e a n  p o s itio n
C u rb  p ins  -  stud ang le  \? 4 5 ° W ith  c u rb  p ins  in  m e a n  p o s itio n
M a x . a llo w a b le  e r r o r  in
p o s itio n  and ta n g en t a t A
in  F ig .  V l l  . 2 .  A x  ^
cA ± 0 . 1  m m
± 0 . 1  m m
& c A ±  2°
M a x . a llo w a b le  e r r o r  in
r a d ia l  p o s itio n  o f cu rb
AXcB ± 0 . 1  m m
M a x . a llo w a b le
e c c e n tr ic ity  o f s p rin g  aX 0 . 1 7 6  m m
T A B L E  VII . 2 .
S P R IN G  (b)
S P R IN G  P A R A M E T E R V A L U E R E M A R K S
W ir e  d ia m e te r  . d 0 . 1 6 5  m m
N o . w ire s  in  box n j 3
A p p ro x . N o , tu rn s  n * 11
C o lle t  ra d iu s 2 . 1 6  m m r ^  -  ( ^  + a llo w a n c e  o f d 
fo r  bend in  s p rin g  end)
C o lle t  angle  cr'
opt
- 7 1 . 5 °
S p ir a l  o u te r ra d iu s  r
Xj
7. 8 m m
O u te r  te r m in a l  ra d iu s  r
T
9 .4  m m
O u te r  te r m in a l  angle 4 5 °
M a x . a llo w a b le  e r r o r  in
ta n g en t and p o s itio n  of
s p rin g  o u te r  end stud -
± 0 . 2  m m
± 0 . 2  m m
6 c ± 2
M a x . a llo w a n ce
e c c e n tr ic ity  o f s p rin g
aX 0 . 1 8 4  m m
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